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Whvwlqj iru DUFK lq wkh Suhvhqfh ri d Srvvleo| Plvvshfl�hg Frqglwlrqdo Phdq

Urelq O1 OxpvgdlqhW1 Vhuhqd Qj_

Dxjxvw 5:/ 4<<;

Devwudfw

Hyhu vlqfh wkh ghyhorsphqw ri wkh Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw| +DUFK, prgho
+Hqjoh ^4<;5`,/ whvwlqj iru wkh suhvhqfh ri DUFK kdv ehfrph d urxwlqh gldjqrvwlf1 Rqh srsxodu
phwkrg ri whvwlqj iru DUFK lv W wlphv wkh U5 iurp d uhjuhvvlrq ri wkh vtxduhg uhvlgxdov rq
s ri lwv odjv1 Wklv whvw kdv ehhq vkrzq wr kdyh d odjudqjh pxowlsolhu lqwhusuhwdwlrq dqg lv
dv|pswrwlfdoo| glvwulexwhg dv d "5+s, udqgrp yduldeoh1 Xqghuo|lqj wklv whvw lv wkh dvvxpswlrq
ri d fruuhfwo| vshfl�hg frqglwlrqdo phdq1 Lq wklv sdshu/ zh frqvlghu wkh surshuwlhv ri wkh DUFK
whvw zkhq wkhuh lv d srvvleo| plvvshfl�hg frqglwlrqdo phdq1 H{dpsohv ri plvvshfl�fdwlrq lqfoxgh
rplwwhg yduldeohv/ vwuxfwxudo fkdqjh/ dqg sdudphwhu lqvwdelolw|1 Zh vkrz wkdw/ lq jhqhudo/
plvvshfl�fdwlrq zloo ohdg wr ryhuuhmhfwlrq ri wkh qxoo k|srwkhvlv ri frqglwlrqdo krprvnhgdvwlflw|1
Zh ghprqvwudwh wkh xvh ri uhfxuvlyh uhvlgxdov wr lpsuryh wkh �w ri d �uvw vwdjh frqglwlrqdo phdq
uhjuhvvlrq1 Zh looxvwudwh wkhvh uhvxowv yld Prqwh Fduor vlpxodwlrqv dqg frqvlghu wzr hpslulfdo
h{dpsohv1

NH\ZRUGV= Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw|/ Prgho Plvvshfl�fdwlrq/ Uhfxuvlyh
Uhvlgxdov/ Odjudqjh Pxowlsolhu Whvw
MHO Fodvvl�fdwlrq Qxpehuv= F55/ F85
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4 Lqwurgxfwlrq

Hyhu vlqfh wkh ghyhorsphqw ri wkh Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw| +DUFK, prgho

+Hqjoh ^4<;5`,/ whvwlqj iru wkh suhvhqfh ri DUFK kdv ehfrph d urxwlqh gldjqrvwlf1 Rqh srsxodu

phwkrg ri whvwlqj iru DUFK lv W wlphv wkh U2 iurp d uhjuhvvlrq ri wkh vtxduhg uhvlgxdov rq d

frqvwdqw dqg s ri lwv odjv1 Wklv whvw lqkhuhqwo| dvvxphv wkdw wkh frqglwlrqdo phdq lv fruuhfwo|

vshfl�hg1

Whvwv ri sdudphwhu lqvwdelolw| kdyh olnhzlvh ehfrph d fhqwudo irfxv ri dssolhg uhvhdufkhuv1 Idloxuh

wr prgho wkh frqglwlrqdo phdq fruuhfwo| fdq ohdg wr huurqhrxv lqihuhqfh1 Dq h{dpsoh ri wklv lv jlyhq

lq Shuurq ^4<;<`> khuh idloxuh wr prgho d euhdn lq wkh wuhqg ixqfwlrq zloo ohdg wr frqfoxvlrqv ri h{fhvv

shuvlvwhqfh lq pdq| pdfurhfrqrplf wlph vhulhv1

Idloxuh wr dffrxqw iru sdudphwhu lqvwdelolw| lq hlwkhu wkh �uvw ru vhfrqg prphqwv lv d vshfl�f

h{dpsoh ri wkh jhqhudo qrwlrq ri prgho plvvshfl�fdwlrq1 Urelqvrq ^4<<4`/ Zrrogulgjh ^4<<4d/e`/

dqg Kdqvhq ^4<<5`/ ghulyh zd|v ri _urexvwli|lqj% whvwv wr doorz iru srvvleoh plvvshfl�fdwlrq ri

kljkhu0rughu prphqwv1 Lq wkhvh fdvhv/ wkh whvwv ri lqwhuhvw fdq eh prgl�hg wr fruuhfw iru wkh

plvvshfl�fdwlrq ri d kljkhu prphqw e| phdqv ri d eldv fruuhfwlrq zklfk fdq eh vkrzq wr eh

glvwulexwhg dv d "2 udqgrp yduldeoh1 Iru h{dpsoh/ Zrrogulgjh ^4<<4d` vkrzv wkdw ydolg lqihuhqfh

uhjduglqj wkh frqglwlrqdo phdq sdudphwhuv lv vwloo srvvleoh lq wkh suhvhqfh ri frqglwlrqdo yduldqfh

plvvshfl�fdwlrq1 Lq jhqhudo/ whvwv derxw wkh n0wk prphqw ri wkh uhvlgxdov lpsolflwo| dvvxph fruuhfw

vshfl�fdwlrq ri orzhu prphqwv1 Dqdorjrxv _urexvwl�fdwlrq% ri whvwv derxw kljkhu prphqwv lq wkh

suhvhqfh ri srvvleoh orzhu0rughu prphqw plvvshfl�fdwlrq lv pruh gl�fxow/ wkrxjk vrph dxwkruv

kdyh hpsor|hg qrqsdudphwulf phwkrgv wr frqvlghu k|srwkhvhv derxw xqfrqglwlrqdo prphqwv lq

wklv vlwxdwlrq1�

D qxpehu ri dxwkruv kdyh grfxphqwhg fdvhv zkhuh uhmhfwlrq ri wkh qxoo ri frqglwlrqdo kr0

prvnhgdvwlflw| pd| eh d uhvxow ri prgho plvvshfl�fdwlrq1 Ehud/ Kljjlqv/ dqg Ohh ^4<<5`/ flwlqj

Hqjoh/ Khqgu|/ dqg Wuxpeoh ^4<;8`/ qrwh wkdw _wkh suhvhqfh ri dxwrfruuhodwlrq fdq uhdglo| eh plv0

wdnhq iru DUFK zkhq/ lq idfw/ qr DUFK lv suhvhqw1% Ehvlghv dxwrfruuhodwlrq/ DUFK lv riwhq

ghwhfwhg lq prghov zlwk qrqolqhdu g|qdplfv1 Ehud dqg Kljjlqv ^4<<:` frpsduh DUFK dqg elolqhdu

surfhvvhv/ qrwlqj wkdw wkh odwwhu kdyh _dq xqfrqglwlrqdo prphqw vwuxfwxuh yhu| vlplodu wr DUFK

dqg khqfh pd| eh hdvlo| plvwdnhq iru DUFK% +vhh dovr Zhlvv ^4<;9` dqg Wrqj ^4<<3`,1 Yld Prqwh

Fduor vlpxodwlrq/ Jlohv/ Jlohv dqg Zrqj ^4<<6` frqvlghu d qxpehu ri whvwv iru DUFK dqg JDUFK

lq wkh fdvh ri dq rplwwhg uhjuhvvru dqg �qg wkh qxoo k|srwkhvlv ri frqglwlrqdo krprvnhgdvwlflw|
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whqgv wr eh uhmhfwhg wrr riwhq1

Lq wklv sdshu/ zh frqvlghu whvwlqj iru DUFK lq wkh jhqhudo frqwh{w ri d srvvleo| plvvshfl�hg

frqglwlrqdo phdq1 Zh dvvxph wkdw fruuhfw lqihuhqfh uhjduglqj wkh frqglwlrqdo yduldqfh lv ri sul0

pdu| lqwhuhvw wr wkh uhvhdufkhu +dv lq pdq| h{dpsohv lq �qdqfh,1 Vhfwlrq 5 �uvw irupdol}hv wkh

sureohp ri whvwlqj iru DUFK zkhq wkh frqglwlrqdo phdq lv srvvleo| plvvshfl�hg1 Zh wkhq glvfxvv

srvvlelolwlhv iru jxduglqj djdlqvw plvvshfl�fdwlrq lq wkh phdq ixqfwlrq1 Rqh vroxwlrq lv wr h{sorlw

wkh lqirupdwlrq dydlodeoh iurp wkh �uvw vwhs hvwlpdwlrq wr ixuwkhu lpsuryh wkh hvwlpdwlrq ri wkh

frqglwlrqdo phdq1 Wklv dprxqwv wr wuhdwlqj wkh hvwlpdwlrq ri wkh frqglwlrqdo phdq dv d �uvw vwdjh

dqfloodu| uhjuhvvlrq1 Vhfwlrq 6 lqyhvwljdwhv wklv _urexvwl�hg% DUFK whvw1 Vhfwlrq 7 h{dplqhv wkh

surshuwlhv ri wkh vwdwlvwlf yld Prqwh Fduor vlpxodwlrq1 Vhfwlrq 8 frqwdlqv wzr hpslulfdo h{dpsohv1

Vhfwlrq 9 frqfoxghv1

5 Whvwlqj iru DUFK zkhq wkh Frqglwlrqdo Phdq lv Plvvshfl�hg

Vxssrvh zh kdyh gdwd i|| = w @ 4> = = = > Wj/ zlwk gdwd jhqhudwlqj surfhvv

|| @ p| . �|> +4,

zkhuh p| @ H+||mLW| , lv dq +xqnqrzq, ixqfwlrq ri gdwd dqg sdudphwhuv +srvvleo| qrqolqhdu,/ LW| lv

Eruho0phdvxudeoh zlwk uhvshfw wr ||/ dqg �| kdv phdq }hur/ frqglwlrqdo yduldqfh

k| @ h�f . h���2|3� . = = =. h�R�
2
|3R>

dqg xqfrqglwlrqdo yduldqfh H+�2| , @ �21 Zh dvvxph p| lv qrqfrqvwdqw dqg wkdw wkh gdwd duh

vwdwlrqdu|12 Wkh k|srwkhvlv ri frqglwlrqdo krprvnhgdvwlflw| lqyroyhv ghwhuplqlqj zkhwkhu H+�2| mLW|3�,
lv +d wlph0lqyduldqw, frqvwdqw1 Ehfdxvh p| dqg LW| duh xqnqrzq/ zh hvwlpdwh wkh iroorzlqj prgho=

|| @ �| . x| +5,

zkhuh �| 5 L| lv d nqrzq ixqfwlrq ri gdwd dqg sdudphwhuv dqg L| lv wkh lqirupdwlrq vhw ri wkh

hfrqrphwulfldq1 Ghqrwh wkh hvwlpdwhg uhvlgxdov e|

ex| @ +p| � e�|, . �| � �| . �|= +6,

zkhuh e�| lv wkh hvwlpdwh ri wkh frqglwlrqdo phdq �|1 Li wkh phdq ixqfwlrq lv fruuhfwo| vshfl�hg lq

wkh vhqvh wkdw �| � p| zlwk L| � LW| / wkhq e�| @�r��$p| xqghu plog uhjxodulw| frqglwlrqv1 Lw iroorzv

wkdw x| � �|/ dqg ex| @ �| . rR+4,1 Lw lv wkhq reylrxv wkdw whvwlqj k|srwkhvhv derxw H+ex2| mLW|3�,
2A�i t|@|�L?@h�|) @tt�4T|�L? �t ?L| ?iUitt@h) M�| �t �tiu�* �? _ih���?} |�i @h}�4i?| Mi*L�� W? |�i t�4�*@|�L?tc
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lv dv|pswrwlfdoo| htxlydohqw wr whvwlqj H+�2| mL|3�,1 Lq wklv fdvh/ wkh hvwlpdwhg uhvlgxdov ex| duh

dssursuldwh iru whvwlqj wkh qxoo k|srwkhvlv ri lqwhuhvw1 Wkh vwdqgdug DUFK whvw wkxv lqyroyhv

uhjuhvvlqj ex2| rq s ri lwv odjv/ wkdw lv

ex2| @ �f . ��ex2|3� . � � �. �Rex2|3R . �|> +7,

dqg whvwlqj wkh k|srwkhvlv wkdw �� @ 3> l @ 4> = = = > s1 Hqjoh ^4<;5` vkrzv wkdw li �| lv frqglwlrqdoo|

qrupdo/ wkhq WU2 iurp wklv uhjuhvvlrq lv dv|pswrwlfdoo| htxlydohqw wr d Odjudqjh Pxowlsolhu whvw

dqg lv glvwulexwhg dv|pswrwlfdoo| dv d "2+s, udqgrp yduldeoh xqghu wkh qxoo k|srwkhvlv1 Pruh

irupdoo|/ wkh vwdwlvwlf lv

OP @
W ei � e]+ e] � e],3� e]� ei

ei � ei >

zkhuh ei � @ + ei�> = = = > eiA ,> ei| @ +ex2|@e�2�4,/ e�2 @ �

A

AS
|'�

ex2| / dqg e]� @ +e}�> = = = > e}A ,/ e}| @ +4> ex2|3�> = = = > ex2|3R,�1
Zhlvv ^4<;9` h{whqghg wklv uhvxow wr fdvhv zkhuh �| kdv �qlwh irxuwk prphqwv1

Frqvlghu qrz wkh fdvh zkhq wkh prgho lv qrw fruuhfwo| vshfl�hg lq d zd| wkdw �| � p|� e�| R

9�$3

zlwk ex| @ �| . �|1� Lw iroorzv wkdw

ex2| @ +p| � e�|,2 . 5�|+p| � e�|, . �2| � �| . �2| = +8,

Wkh frqglwlrqdo vhfrqg prphqw ri wkh vtxduhg hvwlpdwhg uhvlgxdov fdq eh vhsdudwhg lqwr wzr slhfhv=

d sduw wkdw lv uhodwhg wr wkh frqglwlrqdo phdq H^�|mL|3�`/ dqg d frqglwlrqdo yduldqfh sduw H^�2| mL|3�`1
Wkh frqglwlrqdo dqg xqfrqglwlrqdo phdqv ri ex2| jhqhudoo| zloo gl�hu iurp wkrvh ri �2| li p|�e�| R

9�$31e

Wkxv wkh OP whvw lpsolflwo| whvwv wkh frqvwdqf| ri �| dqg �2| udwkhu wkdq mxvw �2| 1 Sxw vrphzkdw

gl�huhqwo|/ wkh DUFK uhjuhvvlrq lv dq dxwruhjuhvvlrq zlwk huuruv0lq0yduldeohv zkhq p| � e�| R

9�$31

Prgho plvvshfl�fdwlrq fdq dulvh li wkh ixqfwlrqdo irup dqg2ru wkh frqglwlrqlqj lqirupdwlrq vhw lv

plvvshfl�hg1 Iru olqhdu g|qdplf prghov/ qrwdeoh h{dpsohv duh rplwwhg vkliwv lq wkh wuhqg ixqfwlrq/

vhohfwlqj d odj ohqjwk lq dq dxwruhjuhvvlrq wkdw lv orzhu wkdq wkh wuxh rughu/ idloxuh wr dffrxqw iru

sdudphwhu lqvwdelolw|/ uhvlgxdo dxwrfruuhodwlrq/ dqg rplwwhg wlph vhulhv yduldeohv1 Ri qrwh lv wkdw

vxfk plvvshfl�fdwlrqv lq g|qdplf prghov riwhq uhvxow lq vhuldo fruuhodwlrq lq �| @ p|� e�|1 Lw lv hdv|
wr vkrz wkdw wkh vxp ri wzr vwdwlrqdu| surfhvvhv zloo eh vhuldoo| fruuhodwhg li dw ohdvw rqh vhulhv lv

vhuldoo| fruuhodwhg1 Dv vkrzq lq Judqjhu dqg Pruulv +4<:9,/ wkh uhvxowlqj +vxpphg, surfhvv zloo

kdyh DUPD olnh dxwrfryduldqfh surshuwlhv1 Wkxv/ iru prgho plvvshfl�fdwlrq ri wkh w|shv olnho| wr

dulvh lq sudfwlfh/ ex| @ �|.�| zloo/ lq jhqhudo/ eh vhuldoo| fruuhodwhg lqvridu dv �| lv vhuldoo| fruuhodwhg1
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Wr vhh krz plvvshfl�fdwlrq lq wkh frqglwlrqdo phdq d�hfwv wkh OP whvw/ frqvlghu wkh whvw iru

DUFK+4,1 Li zh frxog revhuyh wkh �2| / zh zrxog uxq wkh iroorzlqj uhjuhvvlrq

�2| @ h�f . h���2|3� . h�|
wr whvw iru DUFK+4,1 Krzhyhu/ ehfdxvh zh rqo| kdyh ex2| / zh lqdgyhuwhqwo| uxq wkh uhjuhvvlrq

ex2| @ �f . ��ex2|3� . �|=

Li �2| lv lqghhg vhuldoo| xqfruuhodwhg zlwk h�� @ 3/ wkh DUFK whvw edvhg xsrq ex2| zloo |lhog fruuhfw

lqihuhqfh rqo| li ex2| lv dovr qrw vhuldoo| fruuhodwhg1 Exw dv glvfxvvhg hduolhu/ ex| zloo/ lq jhqhudo/

eh vhuldoo| fruuhodwhg zkhq wkh frqglwlrqdo phdq ri wkh g|qdplf prgho lv plvvshfl�hg1 Vlqfh wkh

vtxduh ri d vhuldoo| fruuhodwhg surfhvv lv lwvhoi vhuldoo| fruuhodwhg/ ex2| zloo eh vhuldoo| fruuhodwhg lq

prvw lqvwdqfhv hyhq li �2| lv qrw1D

Dv dq h{dpsoh/ vxssrvh || lv jhqhudwhg e| }|� . �|/ �| lv frqglwlrqdoo| dqg xqfrqglwlrqdoo|

krprvnhgdvwlf/ }| � �5 @ !+}|3� � �5, . �5| / dqg �5| lv d Jdxvvldq huuru +zlwk yduldqfh �25, wkdw lv

xqfruuhodwhg zlwk �|1 Zlwkrxw orvv ri jhqhudolw|/ ohw � @ 41 Frqvlghu wkh whvw iru DUFK+4, zkhq

wkh uhvhdufkhu grhv qrw frqwuro iru }| dqg vlpso| xvhv |2| wr whvw iru DUFK+4,1 Wkdw lv/ zh rplw dq

DU+4, uhjuhvvru zkhq hvwlpdwlqj wkh frqglwlrqdo phdq/ dqg �| @ }| lq wklv h{dpsoh1 Dv vkrzq lq

wkh Dsshqgl{/ }2| lv wkhq dq DUPD+5/4, surfhvv dqg fdq wkxv eh uhsuhvhqwhg dv }2| @ �52.�+O,$|/

zkhuh $| lv d zklwh qrlvh surfhvv/ �+O, @
S"

�'f��O
�/ ��v duh ixqfwlrqv ri !/ �5/ dqg �25 1 Prvw

lpsruwdqwo|/ �� @ 3 rqo| li ! @ 31 Wkhq �| @ }2| .5}|�| @ �52 .�+O,$| .5}|h|1 Frqvlghu wkh ohdvw

vtxduhv hvwlpdwh ri ��1 Ohw hx2| @ ex2| � �

A

SA
|'� ex2| 1 Zh kdyh

e�� @

SA
|'2 hx2|3�hx2|SA
|'�+hx2|3�,2

R�$
S"

�'f����n�S"
�'f�

2
�

=

Wkxv/ e�� grhv qrw frqvlvwhqwo| hvwlpdwh h�� @ 3 xqohvv �� @ 3>;l A 4/ zklfk lq wxuq uhtxluhv wkdw

! @ 31S Jlyhq wkh suredelolw| olplw ri e��/ wkh U2 ri wkh DUFK+4, uhjuhvvlrq +zklfk/ lq wklv vlpsoh

h{dpsoh lv mxvw e�2�, zloo eh eldvhg xszdugv1 Hylghqwo|/ wkh dxwrfruuhodwlrqv dw orqjhu odjv ri ex2|
duh dovr qrq0}hur lq wklv h{dpsoh1 Dv glvfxvvhg lq Judqjhu dqg Whu�dvyluwd +4<<6,/ wkh OP whvw

fdq eh vhhq dv d Er{0Omxqj vwdwlvwlf iru whvwlqj wkh vljql�fdqfh ri wkh dxwrfruuhodwlrq frh�flhqwv

fruuhvsrqglqj wr ex2| 1 Wkxv/ hylghqfh iru kljkhu rughu DUFK h�hfwv frxog eh irxqg vljql�fdqw1.
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Dowkrxjk wkh suredelolw| olplw ri e�� zloo ghshqg rq wkh h{dfw qdwxuh ri wkh prgho plvvshfl�fdwlrq/

wklv h{dpsoh vkrzv wkdw vhuldo fruuhodwlrq lq p| � e�| lv wkh urrw ri wkh sureohp dv idu dv lqihuhqfh

lv frqfhuqhg1H

6 Urexvwli|lqj wkh DUFK Whvw

Li wkh h{lvwhqfh ri DUFK lv ri sulpdu| lpsruwdqfh wr wkh dssolhg uhvhdufkhu +dv lq wkh fdvh/

iru h{dpsoh/ ri rswlrqv sulflqj,/ dqg wkh sureohp zlwk d plvvshfl�hg frqglwlrqdo phdq lv ex2| @

�2| . �|/ lw lv hylghqw wkdw dq| vroxwlrq wr wklv huuruv0lq0yduldeohv sureohp pxvw lqyroylqj uhprylqj

ru plqlpl}lqj wkh �| slhfh1 Rwkhuzlvh/ shuvlvwhqfh lq ex2| dulvlqj iurp prgho plvvshfl�fdwlrq zloo

frqwlqxh wr eh plvlqwhusuhwhg dv hylghqfh ri DUFK1 Exw �| ruljlqdwhv iurp �| @ p|� e�|1 Lw lv wkhq
fohdu wkdw rxu jrdo vkrxog eh wr rewdlq dv dffxudwh dq dssur{lpdwlrq wr p| dv srvvleoh +lq dq O2

vhqvh,1

Zh sursrvh wzr zd|v ri jxduglqj wkh OP whvw djdlqvw plvvshfl�fdwlrq ri wkh uhjuhvvlrq ixqfwlrq>

erwk dlp dw pd{lpl}lqj wkh �w iurp wkh �uvw vwdjh +dqfloodu|, uhjuhvvlrq +5,1 Erwk duh prwlydwhg

e| wkh idfw wkdw surmhfwlqj || rqwr wkh vljpd0dojheud jhqhudwhg e| i||3�> ||32> = = = >[|3�j lv ydolg

dqg zloo dssur{lpdwh p| qr zruvh +dqg srvvleo| ehwwhu, wkdq d surmhfwlrq ri || rqwr wkh vljpd0

dojheud jhqhudwhg e| i||3�> ||32> = = =j rqo|/ surylghg [|3� lv lq wkh hfrqrphwulfldq*v lqirupdwlrq

vhw1 Lghqwli|lqj wkh fruuhfw frqglwlrqlqj lqirupdwlrq vhw +l1h1/ [|3�, lv dq lpsruwdqw sduw ri wklv

h{huflvh1

Lq zkdw iroorzv/ zh dvvxph wkdw wkh +srvvleo| plvvshfl�hg, frqglwlrqdo phdq lv jlyhq e| d olqhdu

uhjuhvvlrq prgho/

|| @ }�|� . x|=

Wkh �uvw dssurdfk zh frqvlghu lv wr lqfoxgh dgglwlrqdo odjv lq wkh hvwlpdwhg prgho1 Wkh prwlydwlrq

frphv iurp wkh idfw wkdw zh fdq dssur{lpdwh wkh vhuldo fruuhodwlrq lq x| e| D+O,x| @ h|/ zkhuh

D+O, lv wkh lqgxfhg sro|qrpldo lq wkh odj rshudwru dqg h| lv zklwh qrlvh1 Lqyhuwlqj D+O, wr vroyh

iru x| lpphgldwho| |lhogv d vshfl�fdwlrq iru || lq odjv ri || dqg }| zlwk d odj rughu wkdw lv kljkhu

wkdq wkh wuxh rughu1 Zh uhihu wr wklv dv wkh _qdlyh% dssurdfk/ lq wkdw lw lv shukdsv wkh vroxwlrq

wkdw rqh*v lqwxlwlrq zrxog �uvw vxjjhvw1

Uhphpehu/ krzhyhu/ wkdw �| +dqg khqfh �|, lv xqrevhuyhg1 Wkxv dq| Zrog uhsuhvhqwdwlrq lv

phuho| dq dssur{lpdwlrq wr wkh wuxh dxwrfruuhodwlrq ixqfwlrq ri �|/ zklfk frxog eh kljko| qrqolqhdu1

Wkh vhfrqg dssurdfk/ wkhuhiruh/ lv wr dssur{lpdwh lw e| ixqfwlrqv ri wkh uhfxuvlyh uhvlgxdov gh�qhg

HV@? #��!c 6h@?titc @?_ w�U@t d�bbSo UL4T�|i |�i ?�4ih@|Lh Lu |�i tULhi uLh k� �? |�i U@ti Lu @__�|��i L�|*�iht
�? @?_ �+E�� 4L_i*� A�iti @�|�Lht t�L�i_ |�@| |�i Thiti?Ui Lu L�|*�iht @*tL �?|hL_�Uit ?L?�Ui?|h@*�|) |L |�i �2

_�t|h�M�|�L?�
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lq Eurzq/ Gxuelq/ dqg Hydqv ^4<:8`1 Rxu prwlydwlrq lv wkdw dq| xqrevhuyhg qrqolqhduolwlhv zloo

eh pdqlihvwhg lq wkh uhfxuvlyh uhvlgxdov> wklv lv vxssruwhg e| glvfxvvlrq lq Nldqlidug dqg Vzdoorz

^4<<9`/ zkr dovr ghprqvwudwh wkdw dprqj pdq| vwdqgdug whvwv iru prgho plvvshfl�fdwlrq/ xvh ri

uhfxuvlyh uhvlgxdov +udwkhu wkdq vwdqgdug ROV uhvlgxdov, lqfuhdvhv wkh srzhu ri vxfk whvwv1

Pruh suhflvho|/ zh vxjjhvw d wzr0vwhs hvwlpdwlrq surfhgxuh1 Vwhs 4 lv wr vwduw iurp wkh

n.4|� revhuydwlrq iru vrph suhghwhuplqhg n dqg shuirup uhfxuvlyh hvwlpdwlrq ri || rq }| ryhu wkh

uhpdlqlqj W�n revhuydwlrqv1 Wklv ohdgv wr d vhw ri e�| dqg d vhw ri uhfxuvlyh uhvlgxdov ez| @ ||�}�|e�|3�1
Wkhvh uhfxuvlyh uhvlgxdov frqwdlq wkh lqirupdwlrq xvhg wr xsgdwh e�| iurp e�|3� dqg fdqqrw eh

suhglfwhg e| wkh uhjuhvvlrq prgho jlyhq lqirupdwlrq dw wlph w� 41 Wkh| duh vhuldoo| xqfruuhodwhg

e| frqvwuxfwlrq li wkh prgho lv fruuhfwo| vshfl�hg/ exw zkhq wkh prgho lv plvvshfl�hg/ ez| zloo

frqwdlq lqirupdwlrq derxw wkh wuxh frqglwlrqdo phdq qrw fdswxuhg e| wkh uhjuhvvlrq ixqfwlrq1 Vwhs

5 lv wr hvwlpdwh

|| @ }�|� . j+ ez|3�, . y|> +9,

zkhuh j+ ez|3�, lv d +srvvleo| qrq0olqhdu, ixqfwlrq ri wkh uhfxuvlyh uhvlgxdov ez|3�1 Wkhq xvh ey2| +wkh

vtxduh ri wkh uhvlgxdov iurp hvwlpdwlrq ri +9,, wr whvw iru DUFK h�hfwv1

Lw vkrxog eh hylghqw wkdw plqlpl}lqj +p| � e�|, lv htxlydohqw wr pdnlqj y| forvhu wr }hur/ vr

wkdw wkh remhfwlyh ri +9, lv wr lpsuryh wkh hvwlpdwh ri wkh frqglwlrqdo phdq xvlqj wkh lqirupdwlrq

dydlodeoh1 Lq wklv iudphzrun/ wklv lv surylghg e| j+ ez|3�,1 Dqrwkhu zd| wr wklqn derxw wkh uroh

ri j+ ez|3�, lv wkdw lw dwwhpswv wr ruwkrjrqdol}h x| vr wkdw wkh frqglwlrqdo phdq ri wkh uhvxowlqj

uhjuhvvlrq huuru y| vkulqnv wrzdugv }hur1

Wkh uhfxuvlyh uhvlgxdov duh dsshdolqj qrw mxvw ehfdxvh wkh| duh hdv| wr frpsxwh/ exw ehfdxvh

ez|3� 5 L|3� dqg khqfh lv lq wkh hfrqrphwulfldq*v lqirupdwlrq vhw dw wlph w1 Wklv lv zk| ez|3� lv

xvhg lq +9, dw wlph w udwkhu wkdq ez|1 Qrwh wkdw iru wklv vdph uhdvrq/ wkh xvh ri wkh ROV uhvlgxdov lv

lqydolg1 Lq qrq0wlph vhulhv vlwxdwlrqv/ rqh zrxog kdyh frqvlghuhg xvlqj d vhplsdudphwulf hvwlpdwh ri

wkh frqglwlrqdo phdq +vhh/ iru h{dpsoh/ Urelqvrq ^4<;;`,/ xvlqj d wzr0vlghg zlqgrz zlwk wuldqjxodu

zhljkwv1 Ehfdxvh wkh k|srwkhvlv ri DUFK lqyroyhv frqglwlrqdo prphqwv/ rqo| lqirupdwlrq dydlodeoh

dw wlph w� 4 fdq eh xvhg1 Wkxv ohdgv ri wkh uhfxuvlyh uhvlgxdov duh dovr qrw ydolg1

Wr pdnh wkh wzr0vwhs surfhgxuh rshudwlrqdo/ lw uhpdlqv wr vshfli| j1 Jlyhq wkdw wkh remhfwlyh ri

wkh h{huflvh lv wr jxdug djdlqvw plvvshfl�fdwlrq lq ixqfwlrqdo irup dqg wkh frqglwlrqlqj lqirupdwlrq

vhw/ wkh qdwxudo fdqglgdwh lv wr pdnh j dv �h{leoh d ixqfwlrq ri wkh uhfxuvlyh uhvlgxdov dv srvvleoh1

Rqh vlpsoh dowhuqdwlyh lv wr xvh d sro|qrpldo lq wkh uhfxuvlyh uhvlgxdov/ l1h1 j+ ez|3�, @
6S
�'�

�� ez�
|3� iru

d vhulhv h{sdqvlrq ri ohqjwkp lq ez|3�1 Wklv lv dsshdolqj ehfdxvh sro|qrpldov kdyh d qrqsdudphwulf

lqwhusuhwdwlrq1 Ixuwkhupruh/ vljql�fdqfh ri e�� fdq eh lqwhusuhwhg dv d gldjqrvwlf iru plvvshfl�fdwlrq

lq wkh frqglwlrqdo phdq1
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Zh dgglwlrqdoo| sursrvh xvh ri wkh fxpxodwhg vxp ri wkh uhfxuvlyh uhvlgxdov zlwk j+ ez|3�, @

��+
|3�S
�'�

ez�,1 Pdq| dxwkruv +h1j1/ Kduyh| ^4<<3`, kdyh vxjjhvwhg wkh xvh ri fxvxp dqg fxvxpvt whvwv

wr ghwhfw srwhqwldo qrqolqhdulw|1 Krzhyhu/ lq wkh suhvhqw frqwh{w/ wkh fxvxp ri ez|3� frxog eh

hvshfldoo| xvhixo lq fdvhv ri rplwwhg phdq ru wuhqg vkliwv dqg zkhq wkh gdwd kdyh xqlw urrwv1 Wklv

lv ehfdxvh plvvshfl�fdwlrq huuruv duh fxpxodwlyh zkhq wkh gdwd duh L+4,/ dqg wkh fxvxp ri wkh

uhfxuvlyh uhvlgxdov lv wkh vdph rughu lq suredelolw| dv wkh huuru fdxvlqj plvvshfl�fdwlrq1 Wkh xvh

ri fxvxp ri ez|3� qhyhuwkhohvv uhtxluhv fdxwlrq dv wkh sduwldo vxpphg vhulhv lv qr orqjhu vwdwlrqdu|1

Dqrwkhu dowhuqdwlyh/ vlplodu wr wkh fxvxp exw zklfk uhwdlqv vwdwlrqdulw| ri wkh j+ ez|3�, lv d rqh0

vlghg vxp ri wkh sdvw uhfxuvlyh uhvlgxdov ryhu d �{hg ohqjwk1 Wklv lv dqdorjrxv wr d qrq0sdudphwulf

hvwlpdwlrq ri j+ ez|3�, xvlqj d �dw nhuqho zlwk d wuxqfdwhg edqgzlgwk/ dqg lv pruh frpprq lq

wkh olwhudwxuh1 D ixuwkhu srvvlelolw| lv wr xvh ydu|lqj lqvwhdg ri �{hg nhuqho zhljkwv1 Krqj dqg

Vkhkdghk ^4<<9` sursrvh whvwv xvlqj ghfolqlqj zhljkwv lq qrq0sdudphwulf whvwv iru DUFK dqg vkrz

wkdw wkh shuirupdqfh ri wkhvh whvwv lv ehwwhu wkdq wkh vwdqgdug OP whvw1 Wkhvh dowhuqdwlyhv duh qrw

frqvlghuhg khuh exw duh zruwk| ri ixuwkhu lqyhvwljdwlrq1

Lw vkrxog eh fohdu wkdw lq frqwh{wv zkhq wkh qdwxuh ri wkh plvvshfl�fdwlrq lqyroyhv frqwhp0

srudqhrxv yduldeohv/ xvh ri j+ ez|3�, zloo qrw eh rswlpdo vlqfh wkh| zloo rqo| surylgh lqirupdwlrq

zlwk d rqh0shulrg odj1 Exw wkh frqwhpsrudqhrxv yduldeoh pxvw qrw kdyh ehhq frqvlghuhg e| wkh

hfrqrphwulfldq lq wkh �uvw sodfh/ vr wkdw zkloh j+ ez|3�, lv d vxerswlpdo lpsuryhphqw/ lw vwloo fdq

gr qr zruvh wkdq vlpso| xvlqj }| dv wkh uhjuhvvru1 Fohduo|/ li wkh hfrqrphwulfldq kdv vrph lghd dv

wr wkh w|sh ri plvvshfl�fdwlrq/ wkh hvwlpdwhg prgho vkrxog lqfrusrudwh wkh lqirupdwlrq d sulrul1

Dxjphqwlqj wkh phdq uhjuhvvlrq zlwk ixqfwlrqv ri ez|3� dv glvfxvvhg deryh lv rqo| d jxdug djdlqvw

prgho plvvshfl�fdwlrq1 Lw vkrxog dovr eh fohdu wkdw wkh urexvwl�hg whvw vwdwlvwlf zloo kdyh d fhqwudo

"2 glvwulexwlrq rqo| li p| fdq eh hvwlpdwhg frqvlvwhqwo|1 Qhyhuwkhohvv/ li rxu urexvw surfhgxuhv

vxffhhg lq uhgxflqj wkh ghyldwlrq ri wkh �qlwh vdpsoh glvwulexwlrq ri wkh whvw iurp wkh "2R glvwul0

exwlrq/ vl}h glvwruwlrqv zloo eh uhgxfhg uhodwlyh wr wkh vwdqgdug whvw1 Lq h�hfw/ lqfoxglqj ixqfwlrqv

ri wkh uhfxuvlyh uhvlgxdov vhuyhv vhyhudo suhfdxwlrqdu| sxusrvhv= �uvw/ wkhuh zloo eh fdvhv zkhq wkh

h{dfw irup ri prgho plvvshfl�fdwlrq lv xqnqrzq> dqg vhfrqg/ zkhq wkh prgho lv plvvshfl�hg lq

pruh wkdq rqh zd| +vxfk dv wkh fdvh zkhuh wkhuh lv d vwuxfwxudo fkdqjh dqg d ihz odujh rxwolhuv/

iru h{dpsoh,1 Dv zh zloo vhh lq wkh vlpxodwlrqv/ lqfoxvlrq ri j+ ez|3�, doohyldwhv wkh vl}h glvwruwlrq

ri wkh WU2 whvw dvvrfldwhg zlwk prgho plvvshfl�fdwlrq zlwkrxw d vxevwdqwldo orvv ri srzhu>

Dv dq h{dpsoh ri zkhq zh eholhyh rxu wzr0vwhs DUFK whvw zloo eh xvhixo/ frqvlghu wkh gdwd

vkrzq lq Iljxuh 41 Zh lqlwldoo| hvwlpdwh dq DU+4,> iurp wkh �jxuh/ lw lv qrw hqwluho| reylrxv wkdw

wkh prgho lv plvvshfl�hg1 Hvwlpdwlqj dq DU+4, zlwk frqvwdqw dxwruhjuhvvlyh frh�flhqw/ d whvw

ri wkh uhvlgxdov iru DUFK+4, uhmhfwv wkh qxoo k|srwkhvlv ri qr frqglwlrqdo khwhurvnhgdvwlflw|> wkh

:



ydoxh ri wkh whvw vwdwlvwlf lv 813:1 Lqfoxvlrq ri wkh uhfxuvlyh uhvlgxdov dqg wkhlu vtxduhv uhvxowv lq d

uhgxfwlrq ri wkh whvw vwdwlvwlf wr 51;4/ zklfk lv qr orqjhu vwdwlvwlfdoo| vljql�fdqw> dgglqj wkh wklug

dqg irxuwk srzhuv ixuwkhu uhgxfhv wkh vwdwlvwlf wr 51551 Dowhuqdwlyho|/ dgglqj lq wkh fxvxp ri wkh

uhfxuvlyh uhvlgxdov lpphgldwho| uhgxfhv wkh vwdwlvwlf wr 41671 Xvlqj erwk wkh fxvxp dqg wkh �uvw

wzr whupv ri wkh sro|qrpldo uhgxfhv wkh vwdwlvwlf wr 31<41

Lv wkhuh DUFK lq wkh gdwdB Lq idfw/ wkh GJS wkdw jhqhudwhv wklv gdwd/ ghwdlohg lq H{dpsoh 5

wr iroorz/ lv dq DU+4, zlwk dxwruhjuhvvlyh frh�flhqw htxdo wr 3=6/ exw lw frqwdlqv d phdq vkliw kdoi

zd| wkurxjk wkh vdpsoh wkdw fdqqrw eh lpphgldwho| ylvxdol}hg1 Wkh ghwhfwlrq ri DUFK khuh lv

wkhuhiruh vsxulrxv> uhmhfwlrq ri wkh vwdqgdug DUFK whvw lv gxh wr idloxuh wr dffrxqw iru wkh vkliwhg

phdq1 Wkh rswlpdo surfhgxuh lq wklv h{dpsoh lv reylrxvo| wr uhpryh wkh euhdn1 Lqghhg/ d whvw

iru vwuxfwxudo fkdqjh lq wkh phdq vwurqjo| uhmhfwv d qxoo k|srwkhvlv ri qr euhdn1 Li zh lqfoxgh dq

lqglfdwru yduldeoh lq wkh uhjuhvvlrq wr doorz iru d phdq vkliw dw wkh wuxh euhdn gdwh/ wkh ydoxh ri wkh

whvw vwdwlvwlf iru DUFK lv 317;1 Hyhq li zh glg qrw nqrz wkh wuxh euhdn gdwh/ wkh euhdn iudfwlrq

fdq eh frqvlvwhqwo| hvwlpdwhg xqghu plog uhjxodulw| frqglwlrqvb dqg lpsrvlqj wkh hvwlpdwhg euhdn

gdwh zloo dovr uhvwruh wkh dv|pswrwlf frqyhujhqfh ri e�| wr p|1 Xvlqj wkh surfhgxuh ghyhorshg lq

Edqhumhh/ Oxpvgdlqh/ dqg Vwrfn ^4<<5` wr frqwuro iru wkh phdq vkliw/ iru h{dpsoh/ wkh OP whvw lv

419:/ vwloo zhoo ehorz wkh uhmhfwlrq uhjlrq1 Wkxv/ li zh vxvshfw d euhdn/ zh vkrxog whvw dqg uhpryh

lw sulru wr whvwlqj iru DUFK1�f

Krzhyhu/ idlolqj wr gldjqrvh wkh euhdn pd| qrw eh dowrjhwkhu gdpdjlqj li zh frqvlghu wkh urexvw

surfhgxuhv1 Iljxuh 5 vkrzv d sorw ri wkh uhfxuvlyh uhvlgxdov iurp wkh �uvw vwhs uhjuhvvlrq/ dorqj

zlwk fruuhvsrqglqj vwdqgdug huuru edqgv/ zkhuh j+ ez|3�, @ 3> �� ez|3� . �2 ez2
|3�> dqg �� ez|3� .

�2 ez2
|3� . ��

|3�S
�'�

ez�/ uhvshfwlyho|1 Lw lv fohdu iurp wkh sorw wkdw wkh dgglwlrq ri wkh fxvxp whup

uhvxowv lq uhfxuvlyh uhvlgxdov wkdw duh pxfk forvhu wr }hur1 Prvw lpsruwdqwo|/ hlwkhu vshfl�fdwlrq

iru j+ ez|3�, zloo vkliw lqihuhqfh iurp uhmhfwlrq wr qrq0uhmhfwlrq/ looxvwudwlqj wkdw hyhq _qrq0rswlpdo%

ixqfwlrqv zloo uhgxfh wkh gl�huhqfh p| � e�|1 Wklv xqghuvfruhv wkh lpsruwdqfh ri dffrxqwlqj iru

prgho plvvshfl�fdwlrq dqg krz frqvlvwhqwo| hvwlpdwlqj wkh frqglwlrqdo phdq lv ixqgdphqwdo wr

lqihuhqfh uhjduglqj wkh DUFK whvw1

7 Prqwh Fduor Hylghqfh

Lq hdfk ri wkh vlpxodwlrqv/ zh frqvlghu �yh OP whvwv zklfk gl�hu lq wkh hvwlpdwlrq ri wkh frqglwlrqdo

phdq1 Wkhvh duh vshfl�hg dv=

b5iic i�}�c �@?ih�iic w�4t_@�?ic @?_ 5|LU! d�bb2o Lh ~��L| @?_ �?_hi�t d�bb2o�
�f5�4�*@h*)c w@4L�hi� @?_ w@t|h@Tit d�bbfo �?U*�_i i^�@**) tT@Ui_ _�44) �@h�@M*it �? |�i �+�O i^�@|�L? |L

@MtLhM TL|i?|�@* ?L?*�?i@h�|) @?_ _i4L?t|h@|i |�@| |�i i��_i?Ui uLh �+�O �t �i@!i?i_ �? |�i�h i4T�h�U@* i @4T*i�
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+OP, || @ �f . ��||3� . x|> +:d,

+OP � qdlyh, || @ �f . ��||3� . �2||32 . ��||3� . �e||3e . y2|> +:e,

+OPd, || @ �f . ��||3� . �2 ez|3� . �� ez2
|3� . y�|> +:f,

+OPe, || @ �f . ��||3� . �2
S|3�

�'� ez� . ye|> +:g,

+OPf, || @ �f . ��||3� . �2 ez|3� . �� ez2
|3� . �e

S|3�
�'� ez� . yD|> +:h,

zkhuh ez| duh wkh uhfxuvlyh uhvlgxdov dqg frpsxwhg dv glvfxvvhg lq Vhfwlrq 61 Wkh �yh OP whvwv duh

edvhg rq ex| dqg ey2�|/ l @ 5> = = = 81 Wkh vdpsoh vl}h lv W @ 5331 Udqgrp qxpehuv duh jhqhudwhg xvlqj

wkh uqgq+ , ixqfwlrq lq Jdxvv Y 615: zlwk vhhg@<<1 Wkh vlpxodwlrqv duh shuiruphg rq d Shqwlxp

633 Pk} shuvrqdo frpsxwhu uxqqlqj Zlqgrzv QW 7131 Wkurxjkrxw wkh 43/333 vlpxodwlrqv/ �f @ =8

dqg zh xvh d qrplqdo vl}h ri 8( dqg wkxv wkh vwdqgdug huuru ri wkh Prqwh Fduor vlpxodwlrqv lv

133551

H{dpsoh 41 Vorsh Vkliw

Wkh gdwd duh jhqhudwhg dffruglqj wr wkh iroorzlqj=

|| @ d|||3� . �| �| � Q+3> 4,

d| @

;A?
A=
d�> iru w � �

2
W

d2> iru w A �

2
W

zkhuh W lv wkh vdpsoh vl}h1 Wkdw lv/ wkh gdwd jhqhudwlqj surfhvv kdv d euhdn lq wkh frh�flhqw

rq wkh odjjhg ghshqghqw yduldeoh kdoizd| wkurxjk wkh vdpsoh1 Qrwh khuh wkdw �| lv frqglwlrqdoo|

krprvnhgdvwlf exw wkdw || lv frqglwlrqdoo| khwhurvnhgdvwlf gxh wr wkh phdq vkliw1 Wkh uhvxowv

duh lq Wdeoh 41 Ehfdxvh wkh qxoo k|srwkhvlv ri qr DUFK lv wuxh/ wklv wdeoh grfxphqwv wkh vl}h

ri wkh whvw1 Wkh �uvw sdqho ri wkh wdeoh jlyhv wkh shufhqwdjh ri uhmhfwlrqv iru wkh vwdqgdug OP

vwdwlvwlf iru d ydulhw| ri ydoxhv ri d� dqg d21 Dorqj wkh gldjrqdo ri wkh pdwul{ +zkhq d� @ d2,/ wkh

prgho lv fruuhfwo| vshfl�hg1 Khuh wkh vl}h ri wkh whvw lv dssur{lpdwho| htxdo wr lwv qrplqdo ohyho1

Wkh r�0gldjrqdo hohphqwv ghwdlo wkh h{whqw ri vl}h glvwruwlrq wkdw rffxuv gxh wr plvvshfl�fdwlrq

ri wkh frqglwlrqdo phdq1 Dv zh vdz lq vhfwlrq 5/ wkh whvw iru DUFK lv frqwdplqdwhg e| wkh

plvvshfl�fdwlrq ri wkh frqglwlrqdo phdq1 Lw lv hylghqw wkdw lq pdq| fdvhv/ wkh vl}h glvwruwlrqv duh

odujh1 Zkhq md� � d2m A 3=9/ wkh vl}h glvwruwlrq lv pruh wkdq wzlfh lwv ohyho1

Wkh qh{w sdqho ri wdeoh 4 vkrzv wkh lpsuryhphqw zkhq wkh frqglwlrqlqj yduldeohv duh qdlyho|

h{sdqghg wr lqfoxgh orqjhu odjv1 Lq wklv fdvh/ ryhusdudphwul}lqj wkh prgho kdv ghvludeoh h�hfwv

ehfdxvh odjv ri || dssur{lpdwh wkh vhuldo fruuhodwlrq lq ex|1 Lq sdqho wkuhh/ wkh lqirupdwlrq vhw lv

<



h{sdqghg wr lqfoxgh uhfxuvlyh uhvlgxdov dqg wkhlu vtxduhv1 Iru wkh prvw h{wuhph fdvhv +zkhuh md��
d2m A 3=9,/ wkh lpsuryhphqw lv juhdwhu wkdq 83(1 Hyhq juhdwhu lpsuryhphqw lq whvw shuirupdqfh

uhvxowv iurp lqfoxvlrq ri wkh fxpxodwlyh vxp ri wkh uhfxuvlyh uhvlgxdov/ dv vkrzq lq wkh �iwk sdqho

ri wdeoh 41 Wkh fxvxp e| lwvhoi/ krzhyhu/ grhv qrw juhdwo| uhgxfh wkh vl}h glvwruwlrqv +sdqho 7,1

H{dpsoh 51 Phdq Vkliw

Lq wklv h{dpsoh/ wkh gdwd duh jhqhudwhg dffruglqj wr wkh iroorzlqj=

|| @

;A?
A=
d�||3� . �|> iru w � �

2
W �| � Q+3> 4,

�. d�||3� . �|> iru w A �

2
W

zkhuh W lv wkh vdpsoh vl}h1 Wkdw lv/ wkh gdwd jhqhudwlqj surfhvv kdv d vkliw lq wkh phdq kdoizd|

wkurxjk wkh vdpsoh1 Wkh irxu sdqhov lq Wdeoh 5 pluuru wkrvh lq Wdeoh 4/ dowkrxjk khuh wkh �uvw

froxpq +xqghu wkh 313 khdglqj, fruuhvsrqgv wr wkh fdvh ri qr vwuxfwxudo fkdqjh1 Lq wklv �uvw froxpq/

wkh vwdqgdug DUFK whvw vhhpv wr eh voljkwo| xqghuvl}hg1 Iru wkh prvw sduw/ wkh vwdqgdug DUFK

whvw lv idluo| urexvw wr phdq0vkliw plvvshfl�fdwlrq/ h{fhsw zkhq wkh vkliw lv yhu| odujh +5 wlphv wkh

vwdqgdug ghyldwlrq, ru zkhq wkh dxwruhjuhvvlyh sdudphwhu glvsod|v d orw ri shuvlvwhqfh1 Wkh qdlyh

dssurdfk ri lqfoxglqj pruh odjv doohyldwhv vl}h glvwruwlrqv lq pdq| fdvhv exw lv vwloo lqdghtxdwh iru

h{wuhpho| odujh euhdnv1 Wkh wklug sdqho frqwdlqv uhmhfwlrq iuhtxhqflhv ri wkh prgl�hg DUFK whvw/

zkhuh wkh �uvw vwdjh uhvlgxdov duh jhqhudwhg iurp d uhjuhvvlrq ri || rq rqh odj/ wkh odjjhg uhfxuvlyh

uhvlgxdov dqg wkhlu vtxduhv1 Wkh vl}h glvwruwlrqv wkdw zhuh hylghqw lq sdqho 4 iru kljk ydoxhv ri �

dqg d� duh vljql�fdqwo| uhgxfhg1 Dgglwlrq ri wkh fxvxp ixqfwlrq uhgxfhv wkh glvwruwlrqv lq wkh xqlw

urrw fdvh vxevwdqwldoo|1

H{dpsoh 61 Dgglwlyh Rxwolhu

Wklv h{dpsoh lv vlplodu wr wkh rqh frqvlghuhg lq ydq Glmn/ Iudqvhv/ dqg Oxfdv ^4<<9`1 Wkh gdwd

duh jhqhudwhg dffruglqj wr

|| @ d�||3� . �| . #| �| � Q+3> 4,

#| � Q+3> �22, iru A
2
� 4 � w � A

2
. 4

vr wkdw wkh gdwd jhqhudwlqj surfhvv h{shulhqfhv dq rxwolhu lq wkh plggoh wkuhh shulrgv ri wkh vdpsoh

+iru W @ 533,1 Wkh uhvxowv duh lq Wdeoh 61 Wkh vwdqgdug DUFK whvw kdv vl}h dssur{lpdwho| htxdo

wr lwv ohyho zkhq wkh yduldqfh ri wkh rxwolhu +l1h1�22, lv vpdoo1 Zkhq �22 h{fhhgv wkh yduldqfh ri �/

krzhyhu/ wkh vwdqgdug DUFK whvw uhmhfwv wkh qxoo k|srwkhvlv wrr iuhtxhqwo|1 Wkhuh lv dovr vrph

hylghqfh wkdw wklv lv h{dfhuedwhg e| kljkhu ohyhov ri shuvlvwhqfh +dv jlyhq e| kljkhu d�,1 Zkhq

wkh lqirupdwlrq vhw lqfoxghv wkh uhfxuvlyh uhvlgxdov dqg wkhlu vtxduhv/ wkh vl}h glvwruwlrqv duh qrw

dssuhfldeo| vpdoohu zkhq wkh rxwolhu yduldqfh lv odujh +dv vhhq lq sdqho 5 ri Wdeoh 6,1 Wkh lqfoxvlrq

43



ri wkh fxvxp ixqfwlrq uhgxfhv wkh glvwruwlrqv e| xs wr 73(1 Lw lv qrw vxusulvlqj wkdw wkh sursrvhg

ixqfwlrqv gr qrw lpsuryh wkh vl}h ri wkh DUFK whvw dv vxevwdqwldoo| dv wkh| glg lq wkh suhylrxv

wzr h{dpsohv1 Lq wklv h{dpsoh/ wkh plvvshfl�fdwlrq lv frqwhpsrudqhrxv/ wkdw lv/ lw lv xqsuhglfwdeoh

dw suhylrxv shulrgv1 Wkhuhiruh/ ixqfwlrqv ri odjjhg lqirupdwlrq zloo qrw frpsohwho| urexvwli| wkh

DUFK whvw1

Rwkhu H{dpsohv

Wdeoh 7 suhvhqwv wkuhh dgglwlrqdo vlpxodwlrqv1 Wkh �uvw sdqho vkrzv uhvxowv iurp ljqrulqj dq

PD+4, huuru lq wkh gdwd jhqhudwlqj surfhvv1 Wkdw lv/ wkh GJS lv | @ F . h|/ zkhuh h| lv PD+4,

zlwk prylqj dyhudjh frh�flhqw �1 Iurp wkh �uvw urz ri wklv sdqho/ zh vhh wkdw idloxuh wr dffrxqw

iru dq PD+4, huuru uhvxowv lq odujh vl}h glvwruwlrqv iru wkh DUFK whvw/ hvshfldoo| zkhq wkh PD

urrw lv odujh1 Lqfoxvlrq ri wkh vhfrqg rughu sro|qrpldo lq wkh uhfxuvlyh uhvlgxdov +olqhv 6 dqg 8,

yluwxdoo| holplqdwhv wkhvh glvwruwlrqv/ zkloh wkh fxvxp +olqh 7, kdv olwwoh h�hfw1 Wkh fxvxp uhvxow lv

qrw vxusulvlqj/ vlqfh dxwrfruuhodwlrqv ri dq PD+4, surfhvv duh }hur eh|rqg wkh �uvw odj1 Wkxv zh

zrxog qrw h{shfw odjv ri vwdqgdugl}hg uhvlgxdov +eh|rqg wkh �uvw odj, wr kdyh dq| suhglfwlyh srzhu1

Lqfoxvlrq ri wkh odjjhg uhfxuvlyh uhvlgxdo/ krzhyhu/ lv dqdorjrxv wr shuiruplqj d JOV fruuhfwlrq1

Vlploduo|/ wkh _qdlyh% dssurdfk ri dgglqj irxu odjv ri wkh ghshqghqw yduldeoh uhpryhv pxfk ri

wkh glvwruwlrq> wklv lv ehfdxvh wkh h{dpsoh lqyroyhv xqdffrxqwhg iru vhuldo fruuhodwlrq dqg dgglqj

dgglwlrqdo odjv doohyldwhv vrph ri wkh eldv lqgxfhg e| wklv w|sh ri plvvshfl�fdwlrq1

Wkh vhfrqg sdqho ri Wdeoh 7 h{soruhv wkh h�hfwv ri rplwwhg yduldeohv eldv/ zkhq wkh rplwwhg

yduldeoh lv vhuldoo| fruuhodwhg1 Wkdw lv/ wkh gdwd jhqhudwlqj surfhvv lv || @ F . {| . �| zkhuh

{| @ �{|3� . �| exw wkh uhjuhvvlrq lv || @ F . x| +wklv lv wkh h{dpsoh frqvlghuhg lq vhfwlrq 5,1 Iru

kljko| shuvlvwhqw ydoxhv ri �/ wkh vl}h glvwruwlrq lv yhu| odujh ehfdxvh wkh yduldqfh ri {|/ +
j2
D

�342
,/

lv odujh uhodwlyh wr wkdw ri h|1 Wkxv/ dv lq wkh h{dpsoh zlwk wkh dgglwlyh rxwolhu/ vl}h glvwruwlrqv

duh odujh zkhq wkh yduldqfh iurp wkh vshfl�fdwlrq huuru lv odujh1 Lq wkh h{wuhph fdvh zkhq � @ 4/

{| lv dq lqwhjudwhg surfhvv dqg wkh DUFK whvw uhmhfwv 433( ri wkh wlph1 Wklv lv frqvlvwhqw zlwk

wkh h{dpsoh suhvhqwhg lq Vhfwlrq 5 zklfk vkrzv wkdw wkh h{whqw ri vhuldo fruuhodwlrq lq wkh vtxduhg

uhvlgxdov lv ghwhuplqhg e| wkh ghjuhh ri vhuldo fruuhodwlrq lq �|1 Lq wkhvh kljko| shuvlvwhqw fdvhv

+� @ 3=< dqg � @ 4,/ wkh vl}h glvwruwlrqv duh vxevwdqwldoo| uhgxfhg zkhq wkh uhfxuvlyh uhvlgxdov

dqg wkhlu vtxduhv duh lqfoxghg ehfdxvh wkh| surylgh d JOV0w|sh fruuhfwlrq1 Krzhyhu/ wkh fxvxp

surylghv doprvw qr lpsuryhphqw ehfdxvh wkh fxvxp vhulhv lv grxeo| lqwhjudwhg dqg lwv lqfoxvlrq

ohdyhv wkh uhjuhvvlrq xqedodqfhg1

Wkh wklug sdqho ri Wdeoh 7 frqvlghuv wkh frpprq txhvwlrq ri wuhqg0vwdwlrqdulw| yhuvxv gl�huhqfh0

vwdwlrqdulw|1 Lq sduwlfxodu/ vxssrvh wkh gdwd jhqhudwlqj surfhvv lv || @ gf . g�w. d||3� . �|/ zlwk

mdm ? 4/ vr wkdw || lv wuhqg vwdwlrqdu| exw zh hvwlpdwh �|| @ f . x|> wkdw lv/ zh dfflghqwdoo|
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�uvw gl�huhqfh wkh gdwd dqg wkxv x| lv ryhu0gl�huhqfhg1 Lq wkh vlpxodwlrq/ zh fkrrvh gf @ 3 dqg

g� @ 3=41 Wkh vl}h glvwruwlrqv ri wkh DUFK whvw duh txlwh vhyhuh zkhq d lv vpdoo1 Lq wkh h{wuhph

zkhq d @ 3/ ex| kdv d qrq0lqyhuwleoh prylqj0dyhudjh frpsrqhqw1 Dv d lqfuhdvhv/ wkh DUFK whvw

kdv vl}h dssur{lpdwho| htxdo wr lwv ohyho1 Wklv lv ehfdxvh d qhdu xqlw urrw lv zhoo dssur{lpdwhg e|

d xqlw urrw surfhvv lq �qlwh vdpsohv/ dqg �uvw0gl�huhqflqj dsshduv wr kdyh olwwoh lpsolfdwlrq iru wkh

DUFK whvw1

Vl}h0dgmxvwhg Srzhu ri wkh Whvwv

Wdeoh 8 frqvlghuv wkh srzhu ri wkh whvwv zkhq wkh dowhuqdwlyh ri DUFK lv wuxh1 Wkh gdwd duh

jhqhudwhg dv lq h{dpsoh 4 exw wkh huuruv �| duh frqglwlrqdoo| qrupdo zlwk phdq 3 dqg frqglwlrqdo

yduldqfh k|1 Zh dvvxph iru wklv h{dpsoh wkdw k| lv dq DUFK+4,/ wkdw lv k| @ $ . �f�
2
|3�/ zkhuh

�f @ 3=8 dqg $ @ 41 Wkhuh dsshduv wr eh d wudghr� ehwzhhq wkh qxpehu ri uhjuhvvruv lqfoxghg

lq wkh �uvw vwdjh uhjuhvvlrq dqg wkh srzhu ri wkh whvwv1 Zkloh lqfuhdvlqj wkh lqirupdwlrq vhw rqo|

fdq lpsuryh wkh h{whqw wr zklfk zh �w p|/ eh|rqg d fhuwdlq srlqw/ wkh pdujlqdo lpsuryhphqw lv

plqlpdo1 Wkxv lw lv lpsruwdqw wr ghwhuplqh wkh rswlpdo vhw ri surmhfwlrq lqvwuxphqwv1��

8 Hpslulfdo H{dpsohv

Rxu �uvw h{dpsoh frqvlghuv wkh gdlo| V)S833 uhwxuqv iurp Ehud dqg Kljjlqv ^4<<:`1 Iroorzlqj

Ehud dqg Kljjlqv/ zh hvwlpdwh dq DU+4, iru wkh frqglwlrqdo phdq htxdwlrq dqg xvh wkh uhvlgxdov wr

frqgxfw d vwdqgdug DUFK+4, whvw> wkh ydoxh ri wkh whvw vwdwlvwlf lv 816</ uhmhfwlqj wkh qxoo k|srwkhvlv

ri frqglwlrqdo krprvnhgdvwlflw|1 Li zh dgglwlrqdoo| lqfoxgh wkh uhfxuvlyh uhvlgxdov dqg wkhlu vtxduhv

lq wkh frqglwlrqdo phdq htxdwlrq/ krzhyhu/ wkh uhvxowlqj DUFK+4, whvw vwdwlvwlf lv 31355/ zhoo ehorz

wkh fruuhvsrqglqj fulwlfdo ydoxh1 Ixuwkhu whvwv iru vwuxfwxudo fkdqjh lqglfdwh vwurqj hylghqfh lq idyru

ri wkhvh w|shv ri qrqolqhdulw|1 Ehud dqg Kljjlqv frpsduh wzr frpshwlqj qrqolqhdu prghov dqg �qg

wkdw qhlwkhu fdq eh uhmhfwhg/ vxssruwlqj wkh qrwlrq wkdw wklv vhulhv h{klelwv qrqolqhdulw|1 Wkh| dujxh

wkdw d JDUFK+4/4, prgho lv suhihuuhg wr d elolqhdu vshfl�fdwlrq +zklfk doorzv iru qrqolqhdulw| lq

wkh frqglwlrqdo phdq,1 Rxu uhvxowv vxjjhvw wkdw shukdsv vrph rwkhu qrqolqhdu prgho zrxog eh

suhihuuhg wr wkh JDUFK vshfl�fdwlrq> dffrxqwlqj iru wklv qrqolqhdulw| zhdnhqv wkh hylghqfh lq

idyru ri frqglwlrqdo khwhurvnhgdvwlflw|1

Rxu vhfrqg h{dpsoh lv phdqw wr vkrz wkdw wkh prgl�fdwlrqv zh sursrvh gr qrw vxevwdqwldoo|

uhgxfh wkh srzhu ri wkh whvw li lq idfw wkhuh lv DUFK1 Wkh h{dpsoh xvhv gdwd iurp Hqjoh0Eroohuvohy

^4<;9` +wkh zhhno| XV'2Vzlvv Iudqf h{fkdqjh udwh/ ruljlqdoo| iurp Glherog dqg Qhuoryh ^4<;<`,>

wkh gdwd duh lq orj �uvw gl�huhqfhv1 Wkh gdwd duh whvwhg iru DUFK+7,/ zlwk rqh odj lqfoxghg lq wkh

��5�4�*@h UL?U*�t�L?t hi}@h_�?} TL�ih �L*_ uLh |�i L|�ih i @4T*it UL?t�_ihi_ � |�iti @hi @�@�*@M*i uhL4 |�i @�|�Lht
L? hi^�it|�
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frqglwlrqdo phdq htxdwlrq1 Wkh ydoxh ri wkh WU2 whvw lv 831541 Xqghu wkh qxoo k|srwkhvlv ri qr

DUFK/ wklv vwdwlvwlf lv glvwulexwhg "2+7,> wklv k|srwkhvlv lv vwurqjo| uhmhfwhg1 Xvlqj wkh _qdlyh%

dssurdfk ri lqfoxglqj irxu odjv lq wkh frqglwlrqdo phdq htxdwlrq wr frqwuro iru vrph dssduhqw vhuldo

fruuhodwlrq/ wkh vwdwlvwlf lv uhgxfhg wr 7<1<81 Lqfoxglqj wkh uhfxuvlyh uhvlgxdov dqg wkhlu vtxduhv

uhgxfhv wkh vwdwlvwlf ixuwkhu/ wr 6:1<31 Wkxv zkloh wkh hylghqfh iru frqglwlrqdo khwhurvnhgdvwlflw|

lv glplqlvkhg/ lw lv vwloo dssduhqw lq wklv gdwdvhw1 Dq lqirupdo h{dplqdwlrq ri d sorw ri wkh suh0

gl�huhqfhg gdwd vxjjhvwv wkh srvvleoh suhvhqfh ri d vwuxfwxudo euhdn lq wuhqg1 Dv glvfxvvhg hduolhu/

li wkh qdwxuh ri wkh plvvshfl�fdwlrq lv nqrzq/ lw lv srvvleoh wr lpsuryh wkh vl}h surshuwlhv ri wkh

WU2 whvw wr dffrxqw iru vxfk plvvshfl�fdwlrq> d irupdo whvw ri wkh qxoo k|srwkhvlv ri qr vwuxfwxudo

euhdn xvlqj d uhfxuvlyh Txdqgw olnholkrrg udwlr vwdwlvwlf zlwk irxu odjv +Edqhumhh/ Oxpvgdlqh/ Vwrfn

^4<<5`, uhmhfwv wklv k|srwkhvlv/ hvwlpdwlqj d euhdn lq Qryhpehu 4<::1 Zh uhfrpsxwh wkh DUFK

whvw frqwuroolqj iru d euhdn dw wklv hvwlpdwhg gdwh +l1h1/ zh uhjuhvv wkh gdwd rq d frqvwdqw dqg dq

lqglfdwru yduldeoh htxdo wr }hur ehiruh wkh gdwh dqg 4 diwhuzdugv> zh xvh wkh uhvlgxdov iurp wklv

�uvw vwdjh uhjuhvvlrq wr shuirup wkh DUFK whvw,> wkh ydoxh ri wkh vwdwlvwlf ghfuhdvhv wr 7:17: exw

lv vwloo kljko| vljql�fdqw1

9 Frqfoxvlrqv

Wklv sdshu kdv hpskdvl}hg wkh lpsruwdqfh ri whvwlqj iru prgho plvvshfl�fdwlrq lq orzhu prphqwv

ehiruh frqgxfwlqj urxwlqh gldjqrvwlf whvwv uhjduglqj frqglwlrqdo khwhurvnhgdvwlflw|1 Zh kdyh vkrzq

wkdw idloxuh wr dffrxqw iru frqglwlrqdo phdq plvvshfl�fdwlrq fdq surgxfh vsxulrxv uhvxowv dqg ohdg

wr ryhuuhmhfwlrq ri wkh qxoo k|srwkhvlv ri frqglwlrqdo krprvnhgdvwlflw| zkhq whvwlqj iru DUFK+4,1

Wklv lqwxlwlrq h{whqgv pruh jhqhudoo| wr OP0edvhg whvwv iru kljkhu rughu DUFK1 Zh kdyh sursrvhg

d phwkrg iru dgmxvwlqj wkh vwdqgdug DUFK whvw wr doorz iru srvvleoh plvvshfl�fdwlrq ri xqnqrzq

irup1 Wklv phwkrg kdv ehhq vkrzq lq vlpxodwlrqv wr uhgxfh wkh vl}h glvwruwlrqv ri wkh DUFK+4,

whvw e| d vxevwdqwldo dprxqw1 Lq dgglwlrq/ zh frqvlghu wzr hpslulfdo h{dpsohv1
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Dsshqgl{

Li [| lv DU+4,/ wkhq [2
| lv dq DUPD+5/4,=

Vxssrvh d udqgrp yduldeoh [| lv dq DU+4, zlwk Jdxvvldq huuruv h| +phdq }hur/ yduldqfh �2e,1

[| � � @ !+[|3� � �, . h|=

Ohw �2 @ �2e@+4�!2, ghqrwh wkh yduldqfh ri [|1 Wkhq �| @ +[|��,@�/ lv d phdq }hur/ xqlw yduldqfh

DU+4, surfhvv zlwk fry+�|> �|3�, @ �� iru � A 31 Frqvlghu

\| @ [2
| @ +�. ��|,

2 @ �2 . 5���| . �2�2| >

H+\|, @ �2 . �2> dqg

\| �H+\|, @ 5���| . �2+�2| � 4,=

Wkhq

fry+\|> \|3�, @ H^7�2�2�|�|3� . �e+�2| � 4,+�2|3� � 4, . 5����|+�
2
|3� � 4, . 5����|3�+�

2
| � 4,`

@ 7�2�2�� . 5�e�2� =

Wr vkrz wkdw \| kdv wkh vdph dxwrfryduldqfh vwuxfwxuh dv dq DUPD+5/4, surfhvv/ lw vx�fhv wr

vkrz wkdw �2| fdq eh zulwwhq dv wkh vxp ri wzr DU+4, surfhvvhv +vhh/ h1j1/ Kdplowrq/ sdjh 43;,1 Dv

lq Judqjhu dqg Qhzerog +4<:9,/ frqvlghu wkh iroorzlqj wzr DU surfhvvhv=

$�| @ �$�|3� . ��|

$2| @ �2$2|3� . �2|

zkhuh ��| dqg �2| duh Jdxvvldq dqg xqfruuhodwhg zlwk hdfk rwkhu/ zlwk yduldqfh �2D� @ 7�2�2+4��2,

dqg �2D2 @ 5�e+4 � �e,/ uhvshfwlyho|1 Ohw ��+�, ghqrwh wkh � 0wk dxwrfryduldqfh iru $�|/ l @ 4> 51

Frqvlghu $�|1 Wkhq

�/�+�, @ ���/�+3,

zkhuh �/�+3, @
j2D�
�342

1 Wkhuhiruh �/�+�, @ 7���2�21 Vlploduo|/ frqvlghu $2|1 Wkhq

�/2+�, @ �2��/2+3,

zkhuh �/2+3, @
j2D2
�34e

1 Wkhuhiruh �/2+�, @ 5�2��e1 Ehfdxvh $�| dqg $2| duh xqfruuhodwhg fryduldqfh

vwdwlrqdu| DU+4, surfhvvhv/ wkh dxwrfryduldqfh jhqhudwlqj ixqfwlrq ri wkhlu vxp +l1h1/ �2| , lv htxdo wr

wkh vxp ri wkhlu lqglylgxdo dxwrfryduldqfh jhqhudwlqj ixqfwlrqv1 E| frqvwuxfwlrq/ wklv lv 7�2�2�� .

5�e�2� 1
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UHIHUHQFHV

Edqhumhh/ Dqlqg|d/ Urelq O1 Oxpvgdlqh/ dqg Mdphv K1 Vwrfn ^4<<5`/ _Uhfxuvlyh dqg Vhtxhqwldo

Whvwv ri wkh Xqlw Urrw dqg Wuhqg Euhdn K|srwkhvhv= Wkhru| dqg Lqwhuqdwlrqdo Hylghqfh/%

Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 43/ 5:405;;1

Ehud/ Dqlo N1/ dqg Pdwwkhz O1 Kljjlqv ^4<<:`/ _DUFK dqg Elolqhdulw| dv Frpshwlqj Prghov iru

Qrqolqhdu Ghshqghqfh/% Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 48+4,/ 760831

Ehud/ Dqlo N1/ Pdwwkhz O1 Kljjlqv/ dqg Vdqjn|x Ohh ^4<<5`/ _Lqwhudfwlrq Ehwzhhq Dxwrfruuhodwlrq

dqg Frqglwlrqdo Khwhurvnhgdvwlflw|= D Udqgrp0Frh�flhqw Dssurdfk/% Mrxuqdo ri Exvlqhvv dqg

Hfrqrplf Vwdwlvwlfv 43+5,/ 46604751

Ehud/ Dqlo N1/ dqg Vdqjn|x Ohh ^4<<6`/ _Lqirupdwlrq Pdwul{ Whvw/ Sdudphwhu Khwhurjhqhlw| dqg

DUFK= D V|qwkhvlv/% Uhylhz ri Hfrqrplf Vwxglhv 93/ 55<05731

Eurzq/ U1O1/ M1 Gxuelq/ dqg M1P1 Hydqv ^4<:8`/ _Whfkqltxhv iru Whvwlqj wkh Frqvwdqf| ri Uhjuhvvlrq

Uhodwlrqvkls ryhu Wlph/% Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E / Vhu1 E/ 47<04<51

Glherog/ Iudqflv [1/ dqg Pduf Qhuoryh ^4<;<`/ _Wkh G|qdplfv ri H{fkdqjh Udwh Yrodwlolw|= D

Pxowlyduldwh Odwhqw Idfwru DUFK Prgho/% Mrxuqdo ri Dssolhg Hfrqrphwulfv 7+4,/ 40541

Hqjoh/ Urehuw I1 ^4<;5`/ _Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw| zlwk Hvwlpdwhv ri wkh

Yduldqfh ri Xqlwhg Nlqjgrp Lq�dwlrq/% Hfrqrphwulfd 83+7,/ <;:0433:1

Hqjoh/ Urehuw I1/ Gdylg I1 Khqgu|/ dqg Gdylg Wuxpeoh ^4<;8`/ _Vpdoo Vdpsoh Surshuwlhv ri DUFK

Hvwlpdwruv dqg Whvwv/% Fdqdgldq Mrxuqdo ri Hfrqrplfv 4;/ 990<61

Jlohv/ Gdylg H1D1/ Mxglwk D1 Jlohv/ dqg Mdvrq N1 Zrqj ^4<<6`/ _Whvwlqj iru DUFK0JDUFK Huuruv

lq d Plv0Vshfl�hg Uhjuhvvlrq/% Frpsxwdwlrqdo Vwdwlvwlfv ;/ 43<04591

Judqjhu/ F1Z1M1/ dqg P1M1 Pruulv ^4<:9`/ _Wlph Vhulhv Prghoolqj dqg Lqwhusuhwdwlrq/% Mrxuqdo ri

wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E D 46</ 579058:1

Judqjhu/ F1Z1M1/ dqg S1 Qhzerog ^4<:9`/ _Iruhfdvwlqj Wudqviruphg Vhulhv/% Mrxuqdo ri wkh Ur|do

Vwdwlvwlfdo Vrflhw|/ Vhulhv E E/ 6;/ 4;<05361

Judqjhu/ Folyh Z1M1/ dqg Wlpr Whu�dvyluwd ^4<<6`1 Prghoolqj Qrqolqhdu Hfrqrplf Uhodwlrqvklsv1

Qhz \run= R{irug Xqlyhuvlw| Suhvv/ Lqf1

Kdqvhq/ Euxfh H1 ^4<<5`/ _Whvwlqj iru Sdudphwhu Lqvwdelolw| lq Olqhdu Prghov/% Mrxuqdo ri Srolf|

Prghoolqj 47+7,/ 84:08661

Kduyh|/ Dqguhz F1 ^4<<3`1 Wkh Hfrqrphwulf Dqdo|vlv ri Wlph Vhulhv/ 5qg hglwlrq1 Fdpeulgjh/

PD= PLW Suhvv1

Kduyh|/ Dqguhz F1/ dqg S1 Froolhu ^4<::`/ _Whvwlqj iru Ixqfwlrq Plvvshfl�fdwlrq lq Uhjuhvvlrq

Dqdo|vlv/% Mrxuqdo ri Hfrqrphwulfv 9/ 436044<1

Kduyh|/ Dqguhz F1/ dqg J1G1D1 Skloolsv ^4<:7`/ _D Frpsdulvrq ri wkh Srzhu ri Vrph Whvwv ri
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Khwhurvnhgdvwlflw| lq wkh Jhqhudo Olqhdu Prgho/% Mrxuqdo ri Hfrqrphwulfv 5/ 63:06491

Krqj/ \rqjpldr/ dqg Udpvh| G1 Vkhkdghk ^4<<9`/ _D Qhz Whvw iru DUFK H�hfwv dqg lwv Ilqlwh

Vdpsoh Shuirupdqfh/% xqsxeolvkhg pdqxvfulsw/ Fruqhoo Xqlyhuvlw|1

Nldqlidug/ Idulg/ dqg Zlooldp K1 Vzdoorz ^4<<9`/ _D Uhylhz ri wkh Ghyhorsphqw dqg Dssolfdwlrq ri

Uhfxuvlyh Uhvlgxdov lq Olqhdu Prghov/% Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq <4+766,/

6<407331

Odprxuhx{/ Fkulvwrskhu J1/ dqg Zlooldp G1 Odvwudshv ^4<<3`/ _Shuvlvwhqfh lq Yduldqfh/ Vwuxfwxudo

Fkdqjh/ dqg wkh JDUFK Prgho/% Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv ;/ 55805671

Ohh/ E|xqj0Mrr ^4<<5`/ _D Khwhurvnhgdvwlflw| Whvw Urexvw wr Frqglwlrqdo Phdq Plvvshfl�fdwlrq/%

Hfrqrphwulfd 93+4,/ 48<04:41

Qj/ Vhuhqd/ dqg Wlprwk| M1 Yrjhovdqj ^4<<9`/ _Dqdo|vlv ri Yhfwru Dxwruhjuhvvlrqv lq wkh Suhvhqfh

ri Vkliwv lq Phdq/% pdqxvfulsw/ Fruqhoo Xqlyhuvlw|1

Shuurq/ Slhuuh ^4<;<`/ _Wkh Juhdw Fudvk/ wkh Rlo Sulfh Vkrfn/ dqg wkh Xqlw Urrw K|srwkhvlv/%

Hfrqrphwulfd 8:/ 4694047341

Ulovwrqh/ Sdxo ^4<<5`/ _D Vlpsoh Ehud0Mdutxh Qrupdolw| Whvw iru Qrqsdudphwulf Uhvlgxdov/% Hfrqr0

phwulf Uhylhzv 44+6,/ 68806981

Urelqvrq/ Shwhu P1 ^4<;;`/ _Urrw0Q Frqvlvwhqw Vhplsdudphwulf Uhjuhvvlrq/% Hfrqrphwulfd 89+7,/

<640<871

Urelqvrq/ Shwhu P1 ^4<<4`/ _Whvwlqj iru Vwurqj Vhuldo Fruuhodwlrq dqg G|qdplf Frqglwlrqdo Khw0

hurvnhgdvwlflw| lq Pxowlsoh Uhjuhvvlrq/% Mrxuqdo ri Hfrqrphwulfv 7:/ 9:0;71

Wrqj/ Krzhoo ^4<<3`1 Qrqolqhdu Wlph Vhulhv1 R{irug= R{irug Vflhqfh Sxeolfdwlrqv1

ydq Glmn/ Glfn/ Sklols Kdqv Iudqvhv/ dqg Dqgu�h Oxfdv ^4<<9`/ _Whvwlqj iru DUFK lq wkh Suhvhqfh

ri Dgglwlyh Rxwolhuv/% xqsxeolvkhg pdqxvfulsw/ Hudvpxv Xqlyhuvlw|1

Zhlvv/ Dqguhz D1 ^4<;9`/ _Dv|pswrwlf Wkhru| iru DUFKPrghov= Hvwlpdwlrq dqg Whvwlqj/% Hfrqr0

phwulf Wkhru| 5/ 43:04641

Zkdqj/ \0M1 ^4<<;`/ _D Whvw ri Qrupdolw| Xvlqj Qrqsdudphwulf Uhvlgxdov/% iruwkfrplqj/ Hfrqr0

phwulf Uhylhzv 1

Zrrogulgjh/ Mh�uh| P1 ^4<<4d`/ _Rq wkh Dssolfdwlrq ri Urexvw/ Uhjuhvvlrq0Edvhg Gldjqrvwlfv wr

Prghov ri Frqglwlrqdo Phdqv dqg Frqglwlrqdo Yduldqfhv/% Mrxuqdo ri Hfrqrphwulfv 7:/ 80791

���^4<<4e`/ _Vshfl�fdwlrq Whvwlqj dqg Txdvl0Pd{lpxp Olnholkrrg Hvwlpdwlrq/% Mrxuqdo ri

Hfrqrphwulfv 7;/ 5<0881

]lyrw/ Hulf/ dqg Grqdog Z1N Dqguhzv ^4<<5`/ _Ixuwkhu Hylghqfh rq wkh Juhdw Fudvk/ wkh Rlo0

Sulfh Vkrfn/ dqg wkh Xqlw0Urrw K|srwkhvlv/% Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 43/

58405:31
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Figure 1: Is there ARCH in this simulated series?
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Figure 2: Plot of Recursive Residuals
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Wdeoh 4= Vl}h ri wkh Whvwv= Qrplqdo Vl}h@8(

|w @ d4|w�4 . hw w ?@ 433 hw � Q+3> 4,

|w @ d5|w�4 . hw 434 � w � 533

Vwdqgdug OP whvw=
d5
d4

314 316 318 31: 31< 413
314 31374: 3137:< 313:69 314:35 31675: 318444
316 313779 313746 31377: 313:64 3147<; 315674
318 313:;4 313788 3136;8 31378: 313:45 313<;8
31: 314:45 3139:9 31377; 313759 3137;5 313876
31< 3167<8 314867 313:45 3137<6 313793 313789
413 3149<3 315568 31739: 316873 31436; 313743

_Qdlyh% OP=
314 313746 313758 31397< 3145:6 314:75 3149;9
316 313778 3136;6 313793 31394< 313<76 313<;8
318 3139;: 313763 313738 31376< 31397< 313977
31: 31457< 31399; 313768 3136<: 313757 3137;9
31< 314;3: 313<;; 313938 313765 3136<7 313737
413 314864 3154:5 316397 315;:9 313966 313766

Prgl�hg OP+d,=
314 3136<8 313744 3138;4 3145;8 315735 315;34
316 3136<: 313735 3136<8 31386; 313<;< 314554
318 3138;4 3136:7 3136:4 3136<9 313849 313974
31: 31437: 313849 3136;; 313744 313755 313753
31< 3147<: 313;49 3137<; 3136<; 313733 3136;;
413 313864 313887 31394: 313:9< 3137<7 3136;6

Prgl�hg OP+e,=
314 31374: 313794 313:6< 3149;4 31675; 317748
316 31378: 313755 313783 313:43 31483< 314<;9
318 313::5 3137:7 3136<3 313783 313:37 313;;:
31: 3149:3 313996 313764 313763 3137:7 3137<:
31< 316646 314765 313:56 313783 313787 31377:
413 314968 3155;6 316<9; 3166<7 313<4: 313764

Prgl�hg OP+f,=
314 313745 31373; 3138:5 314575 315686 3159<:
316 3136:3 3136<9 3136;9 31386: 313<:8 31449:
318 3138;6 31369< 3136;9 3136;5 313848 31394:
31: 314369 313833 313698 313733 313757 31374;
31< 31486: 313;37 3137<7 3136;9 31373; 3136:<
413 31387< 31388; 3138<; 313:6: 3137<5 3136<<

�L|itG A�i t�4�*@|�L?t @hi M@ti_ L? 2ff LMtih�@|�L?t @?_ �fcfff hiT*�U@|�L?t� ,@U� i*i4i?| Lu |�i |@M*i }��it |�i hi�iU|�L?

uhi^�i?U�it Lu A-2 uhL4 @? @�|Lhi}hitt�L? Lu |�i t^�@hi_ hit�_�@*t L?|L @ UL?t|@?| @?_ L?i *@}c ��ihi |�i hit�_�@*t @hi

LM|@�?i_ ��@ it|�4@|�L? Lu |�i uL**L��?} ��i 4L_i*t Ei^�@|�L?t .@�i �? |�i |i |�G 5|@?_@h_ w� �tit @ �ht| Lh_ih @�|Lhi}hitt�L?c
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Wdeoh 5= Vl}h ri wkh Whvwv= Qrplqdo Vl}h@8(

|w @ d4|w�4 . hw w ?@ 433

|w @ �. d4|w�4 . hw 434 � w � 533

OP whvw=
�
d4

313 318 413 418 513 518
314 31374: 313746 313759 31389: 314435 314:;4
316 3136;; 313753 313743 313984 3144;; 31494<
318 313739 313755 3137<5 3139;; 3143;: 314985
31: 313756 313746 3137;< 3139<< 314683 315<6<
31< 3136;: 313787 31384< 3146<9 3174;7 31::4;
413 313746 313765 313:5: 31559< 3194;3 31<597

_Qdlyh% OP=
314 313746 3136<4 3136<6 3137<4 3139<; 3143:;
316 3136;3 313735 313744 3137<9 313::7 314734
318 3136:8 31373; 313755 31389; 314354 31539;
31: 31373: 31376: 313784 3139;4 314987 316695
31< 3136<8 313747 3137:4 314337 3157:9 317673
413 313757 3136<4 313753 31377< 313867 313:96

Prgl�hg OP+d,=
314 3136<8 3136<6 313795 313945 313;36 314475
316 3136:3 3136<8 313734 313833 313:65 314466
318 3136<7 313699 313734 3137<6 313::; 314568
31: 3136<4 3136:7 313759 313895 313;53 3146:6
31< 3136:3 31373: 313754 313887 313;:7 314763
413 3136;7 3136:< 313686 313:6< 3169;; 31;574

Prgl�hg OP+e,=
314 31374: 313768 313758 313846 313::9 3144<3
316 3136<; 313753 313768 31388< 313<:3 3148::
318 313749 31375< 31379< 3138<7 314464 31536;
31: 31374< 313738 313794 313:76 314645 315863
31< 3136<; 313766 3137<6 3144;3 316689 319597
413 313755 313765 313:75 315358 317553 319457

Prgl�hg OP+f,=
314 313745 313735 313689 3136;; 313844 313;::
316 313698 313735 313695 313746 313994 314367
318 3136;: 31368: 3136<< 31377< 313:76 314533
31: 3136<5 3136:8 3136;6 313878 313:63 314478
31< 3136;8 313738 3136<: 31384< 313;4< 3144;8
413 3136<6 313734 3136<< 313886 313;:7 314646

Vhh qrwhv wr Wdeoh 41
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Wdeoh 6= Vl}h ri wkh Whvwv= Qrplqdo Vl}h@8(

|w @ d4|w�4 . hw . #w

#w � Q+3> �5
5
, 434 � w � 436 dqg 3 rwkhuzlvh=

OP whvw=
�5
d4

313 413 518 813 :18 4313
314 313755 313788 31459< 31746< 317;38 317<37
316 3136:< 31377< 31445: 317533 317<4< 317<:4
318 3136<8 313748 314555 317594 31838: 3183<8
31: 31374< 3137;4 314554 317663 318579 318675
31< 31373< 313835 314584 317875 3186:: 318958
413 313756 31376< 31469< 31795; 318865 318:73

_Qdlyh% OP=
314 3136;5 313765 314539 317439 317::6 317<<5
316 31375: 3137:6 3144<3 317349 317:5; 317<54
318 313736 313774 3144;3 317474 317;59 317<59
31: 31375; 3137:3 314495 3173<4 317:6< 317;;6
31< 313787 313759 31449; 317398 317:<6 317<:6
413 31374; 313788 3144;7 317398 317:9; 317;69

Prgl�hg OP+d,=
314 31376< 313796 31459: 317455 317:;9 317;;7
316 3136<4 313769 314476 3174:5 317;<: 317<77
318 313735 313764 314547 317556 318354 31839<
31: 313746 3137;4 314566 317646 318545 318655
31< 313738 313838 314578 317836 31869; 318948
413 31376: 31377; 314667 3178<8 3187:: 318995

Prgl�hg OP+e,=
314 3136:3 313753 313;;5 315843 315;5: 315;99
316 31369: 3136<8 313:;4 315845 315;<7 315;:8
318 3136;8 3136:5 313;38 3158;: 315;:7 315;98
31: 3136:6 3136;9 313;39 31587; 31637< 316347
31< 3136:6 31376< 313;35 3159;; 3163:; 316567
413 3136;6 3136;< 313;43 315;38 316556 3166:7

Prgl�hg OP+f,=
314 3136:< 313768 313;;7 31583; 315;3< 315;7:
316 3136:6 3136;7 313:;5 31583: 315;;: 315;97
318 3136;7 3136;7 313;49 315898 315;:: 315;8;
31: 3136:4 3136:< 313:<4 315886 316356 316345
31< 31369< 31375< 313;43 3159:< 3163:< 316559
413 3136;8 3136<4 313:<4 315:<3 3164;9 3166:4

Vhh qrwhv wr Wdeoh 41
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Wdeoh 7
PD+4, huuru=

� 313 314 316 318 31: 31< 413
OP 313765 313838 314:67 318459 31:99; 31;83< 31;885

_Qdlyh% 313745 3136<8 3136:< 3136<9 313736 31377: 3137;<
OP+d, 3136;< 3136;3 3136;9 31377: 31389< 3139;< 313:68
OP+e, 313764 3137<4 3149<5 317<97 31:864 31;739 31;77<
OP+f, 3136<8 3136;7 3136<5 313757 313895 3139:; 313:4<

DU+4, uhjuhvvru rplwwhg=
� 314 316 318 31: 31< 413

OP 313787 313733 31373; 313947 316<:4 413333
_Qdlyh% 313756 31376; 31378< 3139:: 317333 413333
OP+d, 313766 3136:9 313664 3136;3 313779 313<75
OP+e, 313788 313757 313737 31393: 316596 413333
OP+f, 313766 3136;: 313664 3136<8 3136;: 318484

Gl�huhqfh d Wuhqg0vwdwlrqdu| Vhulhv=
� 314 316 318 31: 31< 413
OP 31:557 3168<4 31478: 3139;9 313784 3149;<

_Qdlyh% 31:57: 3168;7 3147;7 313:35 31376; 314993
OP+d, 3138;7 3137<3 3137<4 31378< 313733 313:<4
OP+e, 3145<: 313;67 3138;; 31379; 313773 313753
OP+f, 313865 313796 313744 31373: 3136<9 3136:6

Vhh qrwhv wr Wdeoh 41
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Wdeoh 8= Vl}h0dgmxvwhg Srzhu ri wkh Whvwv=

|w @ d4|w�4 . hw w ?@ 433

|w @ d5|w�4 . hw 434 � w � 533

OP whvw=
d5
d4

314 316 318 31: 31< 413
314 31<:5< 31<:65 31<8<< 31;;86 319<8; 318589
316 31<:59 31<:98 31<:6: 31<8:4 31;867 319<67
318 31<8;9 31<:69 31<:98 31<:33 31<766 31;:78
31: 31;<64 31<953 31<:59 31<:58 31<9:; 31<79:
31< 319:67 31;83; 31<69; 31<99; 31<:<5 31<9<3
413 315<69 316998 3166<3 31699: 31<784 31<:78

_Qdlyh% OP=
314 31<:48 31<9<9 31<8:3 31<33; 31:;3: 319;9:
316 31<:66 31<:53 31<98< 31<86; 31;;<: 31;43<
318 31<896 31<:44 31<:58 31<:4: 31<738 31;<83
31: 31<463 31<844 31<9:4 31<:47 31<996 31<6;8
31< 31:899 31;:44 31<6;3 31<993 31<:39 31<977
413 31649: 3167:; 3173;5 318:5; 31<7:4 31<:36

Prgl�hg OP+d,=
314 31<585 31<587 31<357 31:;63 3194;: 31849<
316 31<658 31<638 31<598 31;<<9 31:;58 31:37;
318 31;<:; 31<599 31<5;3 31<4<3 31;:<< 31;58:
31: 31;349 31<369 31<579 31<573 31<459 31;;69
31< 31966; 31:9<4 31;996 31<463 31<635 31<447
413 31596; 3167:3 317:<3 319877 31;<35 31<563

Prgl�hg OP+e,=
314 31<864 31<7<: 31<569 31;368 318;58 3176;8
316 31<847 31<8:4 31<833 31<4;< 31:997 3194<7
318 31<489 31<837 31<8:3 31<783 31;<;: 31;498
31: 31;4;; 31<585 31<854 31<897 31<778 31<477
31< 318:59 31::86 31;<6: 31<79: 31<89; 31<75;
413 315568 315:9: 315543 314;:3 31;<:6 31<855

Prgl�hg OP+f,=
314 31<4<5 31<533 31<343 31:;7; 3194:6 3184<7
316 31<5;5 31<58; 31<55: 31;<89 31:;45 31:3:7
318 31;<56 31<569 31<573 31<495 31;:75 31;554
31: 31;347 31<347 31<54< 31<545 31<3;; 31;::7
31< 319648 31:999 31;95; 31<3<8 31<583 31<3:9
413 315968 316794 317:;: 3198;9 31;;84 31<454

Qrwhv= hw � Q+3> kw,/ zkhuh kw @ 4=3 . 3=8h5w�4/ dv glvfxvvhg lq wkh wh{w1 Dovr vhh qrwhv wr Wdeoh 41
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