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Abstract

We provide nonparametric estimators of derivative ratio-based average marginal
effects of an endogenous cause, X, on a response of interest, Y, for a system of
recursive structural equations. The system need not exhibit linearity, separability, or
monotonicity. Our estimators are local indirect least squares estimators analogous to
those of Heckman and Vytlacil (1999, 2001) who treat a latent index model involving
a binary X. We treat the traditional case of an observed exogenous instrument (OXI)
and the case where one observes error-laden proxies for an unobserved exogenous
instrument (PXI). For PXI, we develop and apply new results for estimating densities
and expectations conditional on mismeasured variables. For both OXI and PXI, we
use infinite order flat-top kernels to obtain uniformly convergent and asymptotically
normal nonparametric estimators of instrument-conditioned effects, as well as root-n
consistent and asymptotically normal estimators of average effects.
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1 Introduction

This paper studies identification and estimation of measures of the marginal effect of an
endogenous cause in a system of structural equations with exogenous instruments. As

in Altonji and Matzkin (2005), Hoderlein (2005'), and Hoderlein and Mammen (2007),

' A more recent version of this working paper is available as Hoderlein (2007).



our structural equations involve general measurable functions: we do not impose linearity,
monotonicity, or separability. Our estimators are correspondingly nonparametric. Our re-
sults complement the work of these authors, and they complement and extend prior work on
nonparametric instrumental variables (IV) methods imposing separability or monotonicity,
such as that of Angrist and Imbens (1994), Angrist, Imbens, and Rubin (1996), Heckman
(1997), Heckman and Vytlacil (1999, 2001, 2005), Blundell and Powell (2000), Chesher
(2003), Darolles, Florens, and Renault (2003), Imbens and Newey (2003), Matzkin (2003,
2004), Chernozhukov and Hansen (2005), Chernozhukov, Imbens, and Newey (2006), Heck-
man, Urzua, and Vytlacil (2006), Santos (2006), and Hahn and Ridder (2007) among others.

As Darolles, Florens, and Renault (2003, p.1-2) note, several different notions of instru-
mental variables appear in the nonlinear IV literature. Chalak and White (2007a) (CW)
propose a taxonomy of instruments based on their role in identifying structural effects of
interest. Although CW’s taxonomy is developed in the linear parametric context, it applies
generally, as they explicitly note. Among the various possibilities, we focus here on the
use of classical exogenous instruments to study effect measures constructed as ratios of
certain derivatives, derivative ratio (DR) effect measures, for short. The motivations for
considering DR effects are several: First, in classical linear structural systems with exoge-
nous instruments, these effects motivate and underlie Haavelmo’s (1943) classical method
of indirect least squares (ILS). In more general systems, Heckman (1997) and Heckman and
Vytlacil (1999, 2001, 2005) show that DR effects correspond to a variety of structurally
meaningful weighted averages of effects of interest; the corresponding estimators are "local
IV," or, more aptly, local ILS (LILS) estimators (as suggested by Heckman and Vytlacil,
2007). The intuitive appeal of DR effect measures in these cases and the computational
ease of the associated LILS estimators make DR effect measures a natural candidate for
application to the general case.

Alternatives to the use of exogenous instruments include the use of conditioning instru-



ments, which deliver a conditional independence relation central to structural identifica-
tion. This gives a different class of effect measures, precisely those considered by Altonji
and Matzkin (2005), Hoderlein (2005), White and Chalak (2006), Hoderlein and Mammen
(2007), and Chalak and White (2007b), among others, for general nonseparable systems.

We pay particular attention to the structural content and interpretation of DR effect
measures. As we discuss, their relative ease of interpretation hinges crucially on whether
or not the structural equation determining the endogenous cause of interest, say X, is
separable, regardless of the separability of the structural equation relating the response
of interest, say Y, to X. When X is separably determined, the structural content of the
derivative ratio as a measure of average marginal effect is easily appreciated, even for
nonseparably determined Y.

In the fully nonseparable case, the DR effect is still a measure of a well-defined weighted
average marginal effect. Nonseparability for X leads only to changes in the weighting
functions employed in constructing the average derivatives of interest. Interestingly, these
weight changes typically do not preclude the use of DR effects to test the hypothesis that
an endogenous cause X has an effect on the response Y. Knowing how DR effect measures
behave in the general case also provides the necessary foundation for formal tests of the
properties of the underlying structure, such as whether X is separably determined or not.

We study two cases elucidated by CW: the traditional observed exogenous instrument
(OXI) case, where the exogenous instrument is observed without error; and the proxies
for unobserved exogenous instrument (PXI) case, where the exogenous instrument is not
directly observable, but error-contaminated measurements are available to serve as proxy
instruments, as in Butcher and Case (1994). In the linear parametric case treated by CW,
estimation methods for the OXI and PXI cases are identical, despite the interesting fact that
in the PXI case, the (error-laden) proxy instruments are correlated with the reduced form

errors, yielding inconsistent reduced form estimators. As CW explain, ILS and standard



IV methods generally yield consistent estimators of the effects of interest nevertheless.

Once one goes beyond the linear parametric case, however, the OXI and PXI cases
require fundamentally different estimation methods. We can treat the OXI case using any
of a variety of familiar nonparametric methods, such as kernel or sieve methods. The PXI
case demands an innovative approach, however. In fact, our PXI results are the first to
cover nonparametric generalizations of the linear parametric case using instrument proxies.

For the OXI case, we apply infinite order ("flat-top") kernels (Politis and Romano,
1999) to estimate functionals of the distributions of the observable variables that we then
combine to obtain new estimators of the average marginal effect represented by the DR
effect measure. We obtain uniform convergence rates and asymptotic normality for estima-
tors of instrument-conditioned average marginal effects as well as root-n consistency and
asymptotic normality for estimators of their weighted averages.

For the PXI case, we build on recent results of Schennach (2004a, 2004b) to obtain a
variety of new results. Specifically, we show that two error-contaminated measurements
of the unobserved exogenous instrument are sufficient to identify objects of interest and
to deliver consistent estimators. Our general estimation theory covers densities of mis-
measured variables and expectations conditional on mismeasured variables, as well as their
derivatives with respect to the mismeasured variable. We provide uniform convergence
rates over expanding intervals (and, in some cases, over the whole real line) as well as
asymptotic normality results in fully nonparametric settings. We also consider nonlinear
functionals of such nonparametric quantities and establish their root-n consistency and
asymptotic normality. This analysis thus provides numerous general-purpose asymptotic
results of independent interest, beyond the PXI case.

The plan of the paper is as follows. In Section 2 we specify a recursive structural system
that generates the data and define the DR effect measures of interest. We provide formal

conditions ensuring the identification of the DR effect measures, that is, the equality of the



counterfactually based effects of interest with well-defined standard stochastic objects. We
devote particular attention to the interpretation of these DR effect measures in a range of
special cases. As mentioned above, DR effect measures are naturally estimated by nonpara-
metric local ILS methods. Section 3 treats the OXI case. We provide results establishing
consistency and asymptotic normality for our nonparametric estimators. Section 4 develops
new general results for estimation of densities and functionals of densities of mismeasured
variables. As an application, we treat the PXI case, ensuring the identification of the ob-
jects of interest and providing estimation results analogous to those of Section 3. Section
5 contains a discussion of the results, and Section 6 provides a summary and discussion of

directions for future research. All proofs are gathered into the Mathematical Appendix.

2 Data Generation and Structural Identification

2.1 Data Generation

We begin by specifying a recursive structural system that generates the data. In such
systems, there is an inherent ordering of the system variables: "predecessor" variables may
determine "successor" variables, but not vice versa. For example, when X determines Y,
then Y cannot determine X. In such cases, we say for convenience that Y succeeds X, and

we write Y <= X as a shorthand notation.

Assumption 2.1 Let a recursive structural system generate random variables {U, X,Y, Z}
such that Y <= (U, X, Z), X < (U,Z), and Z < U. In addition: (i) Let v,,v,, and v, be
measurable functions such that U, = v, (U),U, = v,(U),U, = v,(U) are random vectors of

countable dimensions {y, L, and £, respectively; (ii) (X,Y, Z) is generated as



where p, q, and r are unknown measurable scalar-valued functions; (iii) E(X) and E(Y) are

finite; (iv) The realizations of X and Y are observed; those of U are not.

We consider scalar X,Y, and Z for simplicity; extensions are straightforward. We
explicitly assume observability of X and Y and unobservability of U. We separately treat
cases in which Z is observable (Section 3) or unobservable (Section 4). An important feature
here is that the unobserved causes U,,U,, and U, may be multi-dimensional. Indeed, the
unobserved causes need not even be finite dimensional.

The response functions p, ¢, and r embody the structural (causal) relations between the
system variables. (In what follows we use "structural" and "causal" synonymously.) We
use the = notation to emphasize the causal structure of these relations, as in CW. Assuming
only measurability for p,q, and r permits but does not require linearity, monotonicity in
variables, or separability between observables and unobservables.

The structure of Assumption 2.1 can arise in numerous economic applications. For
example, this structural system can correspond to a nonparametric demand system with a
heterogeneous population, as in Hoderlein (2005).

Our interest attaches to the effect of X on Y. Specifically, when the derivative exists,
consider the marginal effect of continuously distributed X on Y, D,r(X,U,), where D, =

(0/0x). If r were linear and separable, say,
r(X,Uy) = XBy + UZI/O‘ya

then D,r(X,U,) = B,. Generally we will not require linearity or separability, so D,r(X, U,)
is no longer constant but generally depends on both X and U,. To handle dependence on
the unobservable U, we consider certain average marginal effects, defined below.
Generally, X and U, may be correlated or otherwise dependent, in which case X is
“endogenous.” Just as in the linear separable case, when X is endogenous, the availability

of suitable instrumental variables permits identification and estimation of effects of interest.



The structure above permits Z to play this instrumental role, given a suitable exogeneity
condition. To specify this, we follow Dawid (1979) and write X L Y when random variables

X and Y are independent and X [ Y otherwise.
Assumption 2.2 U, L (U,,U,).

As we make no assumption regarding the relation of U, and U,, we may have U, L U,,
which, given Assumption 2.1, implies that X is endogenous: X [ U,. On the other hand,
Assumptions 2.1 and 2.2 imply Z L (U,,U,), so that Z is exogenous with respect to both
U, and U, in the classical sense.

As discussed in CW, a variety of different conditional independence relations and ex-
clusion restrictions can be employed to identify effects of interest. For example, with the
structure of Assumption 2.1, certain structural effects can be identified using Hoderlein’s
(2005) assumption 2.3, which states that Z L U, | U,, and where U, is assumed to be iden-
tified due to further structure, "e.g. monotonicity of [¢] in [U,] and [Z L U,]" (Hoderlein,
2005, p. 5). But this implies that X L U, | U,, a conditional independence assump-
tion similar to that imposed in Altonji and Matzkin (2005), White and Chalak (2006),
and Hoderlein and Mammen (2007). Such conditional independence conditions are neither
necessary nor sufficient for Assumption 2.2, and, as is apparent by inspection, the struc-
tural effects identified under the various exogeneity conditions can easily differ. Which
exogeneity condition is appropriate in any particular instance depends on the specifics of

the economic structure, as extensively discussed by CW.

2.2 Identification

In classical linear separable structural systems with exogenous instruments, the effect of X
on Y can be recovered from the reduced form as the ratio of the effect of Z on Y to that of
Z on X; the effect of interest can then be estimated using Haavelmo’s (1943) ILS method.

In more general cases, information about the marginal effect of X on Y can similarly be
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extracted, based on the ratio of the marginal effect of Z on Y to that of Z on X, that is,
as a derivative ratio.
To see how this works, consider first the effect of Z on X. The starting point for a

study of this effect is the conditional expectation of X given Z = z,

px(z) = E(X|Z=2) (1)

= /q(z,u$)dF(u$|Z), (2)

where dF(u,|z) denotes the conditional density of U, given Z = z. The existence of uy in
eq.(1) is guaranteed whenever E(X) < oo, regardless of any underlying structure. Thus,
Ity is stochastically meaningful whenever it exists, as it is simply an aspect of the joint
distribution of X and Z.

If the structure provided by Assumptions 2.1(4-744) holds and the conditional distribution
of U, given Z is regular (e.g., Dudley, 2002, ch.10.2), then the integral representation of
eq.(2) also holds. (In what follows, we implicitly assume the regularity of all referenced
conditional distributions.) Eq.(2) provides py with some structural content; specifically it
is an average response. As we discuss shortly, there is nevertheless not yet sufficient content
to use py to identify effects of interest.

When Z does not determine U (recall Assumption 2.1 ensures Z < U), the structurally

meaningful average counterfactual response of X to Z is given by

px(2) = / 4(zuz) dF (), (3)

where dF(u,) denotes the unconditional density of U,. Given differentiability of ¢ and an

interchange of integral and derivative (see, e.g., White and Chalak (2006, theorem 3.3(ii)),

D.py(z) = / D.q(z,us) dF(uy), (4)

ensuring that D,py represents the average marginal effect of Z on X.



Our assumptions ensure that Z is exogenous with respect to U, (Z L U,), so that

[t aFtels) = [ atew) dPw,),

as Z 1 U, implies dF(u,|z) = dF(u,). That is, uy = py. Moreover, D,y = D.py,
so 1y is now fully informative about the structurally meaningful D,p,. When, as is true
here, stochastic objects like py are identified with a structurally meaningful object, we
say that they are structurally identified. Similarly, when structurally meaningful objects
like py are identified with stochastic objects, we say they are stochastically identified. If
stochastic identification holds uniquely with a representation solely in terms of observable
random variables, then we say that both the stochastic object and its structural counterpart
are fully identified. Thus, with py and D,uy fully identified, both py and D,py can be
estimated from data under mild conditions.

Similarly, we can write

EY | Z=z) (5)

= [ rlate ) ) P (s ), (6)

py (2)

where dF'(u,, u,|z) denotes the conditional density of (U,,U,) given Z = z. The finiteness
of E(Y') ensures that py exists. In the absence of further assumptions, 1, is also purely a
stochastic object. The integral representation of eq.(6) holds under Assumptions 2.1(7-i).
The requirement that Z succeeds U and the exogeneity of Z with respect to (U,, U, ), jointly
ensured by Assumptions 2.1 and 2.2, structurally identify py as the average counterfactual

response of Y to Z. That is, py = py, where

pr(e) = [ rlate ) ) dF (), )

and dF'(u,,u,) denotes the unconditional density of (U,, U,).
Further, given differentiability, the derivative D,y is structurally identified as D, py .

We can interpret this as an average marginal effect of Z on Y. Specifically, given differen-

9



tiability of ¢ and r and the interchange of derivative and integral, we have

D.py(2) = / D.[r (a2 ), )] dF (t, ). ®)

This involves the marginal effect of X on Y as a consequence of the chain rule:

D.py(z) = /Dmr(q(z,um),uy) D.q(z,uy) dF(ug,u,)

= / [/ D,r(q(z, us), uy)dF (uy| uy)] D.q(z,uy) dF(uy),

where dF(u,|u,) denotes the conditional density of U, given U, = u,.
The analog of the ratio of reduced form coefficients exploited by Haavelmo’s (1943) ILS

estimator is the derivative ratio

B(2) = Dapiy(2) | Dapx(2). (9)

This ratio is a population analog of the local ILS estimator, introduced by Heckman and
Vytlacil (1999, 2001) as a "local instrumental variable" for a case with X binary and
q(z,uz) = {q:1(2) — u, > 0}. As defined, (2) is purely a stochastic object.

Observe that 3(z) is well defined only when the numerator and denominator are well de-
fined and the denominator does not vanish. The latter condition is the analog of the classical
requirement that the instrumental variable Z must be "relevant." We thus define the sup-
port of 5 to be the set on which 5(z) is well defined, Ss = {z : fz(2) > 0,|D,pux(2)| > 0},
where f (+) is the density of Z. The requirement that f7(z) > 0 ensures that both D,y (2)
and D,u(z) are well defined. When XY, and Z are observable, we may consistently es-
timate 3 on its support under mild conditions; this is the subject of Section 3. We show

in Section 4 that we can consistently estimate 3 even when Z is not observable.

2.3 Interpreting DR Effects

If both the numerator and denominator of 3(z) are structurally identified, then so is 3(z).

In particular, when ((z) is structurally identified, it represents a specific weighted average

10



of the marginal effect of interest, D, (X, U,), as the expressions above imply 5 = *, where

- / [ / Dar(g(zua), uy) dF (uy] we)] <(z,z) dF (), (11)

for z € Sg« ={z: fz(2) > 0,|D.px(z)| > 0}. The weights ¢(z,u,) are given by

S(z,uz) = Doq(z,uy) / /qu(z,ux) dF (ug),

and for each z € Sp+,
/g(z,ux) dF (uz) = 1.

We can also represent 3*(z) and <(z,U,) in terms of certain conditional expectations.

Specifically, under our assumptions, we have

B*(z) = E[E(Dyr(X,Uy) | Z=2U,)s(2U,)]

§(z,U;) = D,q(z,U,) | E(D,q(Z,U,) | Z = z).

Thus, $*(2) provides a measure of average marginal effect that emphasizes E(D,r(X,U,)
| Z = z,U,) for values of D.q(z,U,) that are large relative to E(D.q(Z,U,) | Z = z).

Note that, while the weights ¢(z, U,) can be negative, they are necessarily positive when
q(z, u;) is strictly monotone in z for almost all u,, with common sign for D,q(z,u,). This is
often plausible given that Z is an instrument for X. In this case, an estimator of 5*(z) can
clearly be used to test the null hypothesis that X has no effect on Y, since then *(z) =0
if and only if [ D,r(q(z,u,), uy) dF(uy| u,) = 0 for almost every u, in the support of U,.

To gain further insight, we consider the form taken by £* in some important special
cases. First, when r is linear, we have r(z,u,) = 2, + u,. It is immediate that regardless
of the form of ¢, 5*(z) = 3, for all z € Ss-.

Next, consider the case where X is separably determined: ¢(z,u,) = ¢1(2) + uz. (There

is no loss of generality in specifying scalar u, under separability.) In this case we have
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§(z,u;) =1 for z € Sg«. When r is also separable, so that r(z,u,) = ri(z)+ u, (see, e.g.,
Newey and Powell, 2003; Darolles, Florens, and Renault, 2003), we have 5*(z) = },(z) for

z € S+, where
B (z) = / Doy (q1(2) + ) dF (u,)
= ED,r1(X) | Z=2).
In fact, separability for r does not play a critical role; when r is nonseparable we have
B*(z) = Br4(z) for z € Sz, where
Gul) = [ Durlateu)w) dF ()
= EWD,r(X,U,) | Z = =z).

Both 5%, and ), are easily interpretable quantities.

*

It remains to consider nonseparable ¢. First, when r is separable, we have 5*(z) = 5,(2)

for z € S+, where

=@
» ¥
3

~—~
N
~—
Il

[ Panstate ) s(zw) dF ()

= FE[ED.,r(X)]| Z=2)<(zU,) ]
This is still a weighted average of an expected marginal effect, namely E(D,r1(X) | Z = z),
but now the nonseparability of ¢ necessitates the presence of the weights ¢(z, U,). When r
is nonseparable, we are back to the general case, with ), (z) = 5%(2) for z € Ss-.

To gain additional insight for nonseparable ¢, we note that the independence imposed in
Assumption 2.2 ensures E| E(D,r(X,U,) | Z =2,U,) | = E(D,r(X,U,) | Z = z). Adding
and subtracting this in the expression for ) (z), we get

Bun(2) = E(Dor(X,Uy) | Z = 2) = B[ E(Der(X,Uy) | Z = 2,Us) (1 =¢(2,Ua)) |-
From the fact that E[¢(z,U,)] = 1 and (e.g.) Cauchy-Schwarz, it follows that when suitable
second moments exist,

|Brn(2) = E(Der(X,Uy) | Z = 2)| < 6(2) 04(2),

12



where

6*(2) = E[{ E(D,7(X,U,) | Z = 2,U,) — E(D,r(X,U,)|Z = 2) }*]

is a measure of the conditional variation of D,r(X,U,), and
0o(2) = E[ (1= <(2,Ux))" ]

is a measure of the departure of ¢ from separability. Thus, we see that the smaller are

either §(z) or o (z), the closer 5; (z) is to the simple average derivative

B, (Z) = E(DJ:T(X> Uy) | Z = z)

ns

From these results, we see that DR effects generally deliver a measure of average mar-
ginal effect. This is perfectly straightforward to interpret when X is separably determined.
The measure is more nuanced otherwise, due to the presence of the weights ¢(z, U, ). For all
the reasons discussed in the introduction, however, the less obvious interpretation of DR
effects in the general case by no means renders them uninteresting.

Another interesting case arises when ¢ is nonseparable but an “index monotonicity”
relation holds. Let X = ¢(Z,U,), for vector-valued U,. There always exist measurable
functions V, and ¢, scalar- and vector-valued respectively, such that U, = ¢2(V,) and
> is one-to-one, so that V, = ¢, '(U,). Further, the independence of Z and U, ensures
independence of Z and V, (and vice versa). Let ¢,(Z,V.) = ¢(Z,q2(Vy)). Then we also
have q(Z,U,) = qi(Z,q5*(U,)). In this representation, the unobservables enter as a scalar
index, V, = ¢, *(U,). Thus, such a scalar index representation X = ¢,(Z,V,) always exists.

If in addition ¢; is such that ¢;(z,v,) is monotone in v, for each z, we say that index
monotonicity holds for q. This special case parallels the assumption of “monotonicity of the
endogenous regressor in the unobserved component” in Imbens and Newey (2003) (see also
Chesher (2003) and Matzkin (2003), for example). In this case, an explicit expression for ¢;
can be given along the lines of Imbens and Newey (2003) or Hoderlein (2005). Specifically,

let V, have the uniform distribution. (This can always be ensured. If V.. is non-uniform with
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distribution F', then V, = F(V}) is uniform.) Let F(z| z) denote the conditional CDF of X
given Z = z. As V, = F(X|Z) is uniform and F(- | z) is invertible, we have X = F~1(V|
Z), where F~1(- | 2) is the inverse of F(- | z) with respect to its first argument. Further,

F~'(v,] 2) is monotone in v, for each 2. As ¢; is monotone in v, for each z, it must be that
1 (2,v,) = F 1 (v,] 2).

Further, when X and Z are observable, V,, = F(X | Z) can be consistently estimated. The
same is true for ¢; and D,q.

To examine the identification of effects of interest with index monotonicity, define
fy(z,0.) = EY | Z =2V, =v,) = /T(ql(z,vx),uy) dF(uy| z,v;)  and

ez = [ r(an(zen) ) dF (| ).

Under exogeneity, we have structural identification: jiy- = py-. This suggests an alternative

average effect measure when r and ¢ are nonseparable and D,q(z,v,) # 0, namely

6:1(2’71):0) = DzﬁY(Zavx) / Dle(z7Uz) = /Dxr(QI(Z7Ux)7uy) dF(uy|Ux)

Averaging this over V, (equivalently U,) gives

Bn(2)

/ﬁ;(z,vx) dF (vy)
= /Dxr(ql(z,vx),uy) dF (uy, v;) = Brs(2)-

Now let 5,,(z,v;) = D, fiy(z,v:) / D,qi1(2,v,), and define

B () = / B, (. 0) dF(v]2).

Under mild conditions, exogeneity ensures structural identification: 3,, = 3. Thus, full
identification of D,p, and index monotonicity for ¢ ensure that we can fully identify and

estimate Bfn = [, even when ¢ is nonseparable. (When ¢ is separable, index monotonicity
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necessarily holds.) As 57 and ) generally differ in the absence of index monotonicity for
q, it is possible to test this property by comparing estimators of B:n and ;.. Here we leave
aside formal analysis of 3,,, as index monotonicity is a strong assumption, as emphasized
in Hoderlein and Mammen (2007). This is especially so when the unobservables are vector-
valued; further, the estimation theory is much more involved than that for 3. We also leave

formal treatment of tests for separability or index monotonicity to other work.

2.4 Formal Identification Results

We now record our identification results as formal statements. These succinctly summarize
our discussion above and serve as a later reference. For these results, we let supp(-) denote
the support of the indicated random variable, that is, the smallest Borel set that contains
the indicated random variable with probability one. Proposition 2.1 formalizes existence
of the relevant stochastic objects, Proposition 2.2 formalizes structural identification, and

Proposition 2.3 formalizes possible forms for g*.

Proposition 2.1 Suppose that (X,Y, Z) are random variables such that E(X) and E(Y)
are finite. (i) Then there exist measurable real-valued functions py and p, defined on
supp(Z) by eqs.(1) and (5). (ii) Suppose also that iy and py are differentiable on supp(Z).

Then there exists a measurable real-valued function (3 defined on Sg by eq.(9).

Proposition 2.2 Suppose Assumptions 2.1(i)-(iii) and Assumption 2.2 hold. (i) Then
there exist measurable real-valued functions py and py defined on supp(Z) by eqs.(3) and
(7) respectively. Further, egqs.(2) and (6) hold, so that pix and py are structurally identified
on supp(Z) as px = px and py = py. (i) Suppose also that j1y and iy are differentiable
on supp(Z). Then pyx and py are differentiable on supp(Z), and D,y and D,uy are
structurally identified on supp(Z) as D,y = D,px and D.uy = D,py. In addition, there
exists a measurable real-valued function 3* defined on Sz« by eq.(10), and B is structurally

identified on Sg = Sp+ as f = [*. (iii) If Assumption 2.1(iv) also holds and puy and py
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have representations in terms of observable random variables, then py, py, D.px, and D, py

are fully identified on supp(Z), and  and 5* are fully identified on Sg = Sa-~.

Proposition 2.3 Suppose the conditions of Proposition 2.2 hold and that z — q(z,u,) is
differentiable on supp(Z) for each u, € supp(U,) and x — r(x,uy) is differentiable on
supp(X) for each u, € supp(U,). (i) If egs.(4) and (8) hold for each z € supp(Z), then
eq.(11) holds, so B*(z) = B, (2) for all z € Sg«. (ii) Further, for all z € Sp+ : (a) if
r is linear, then B*(z) = By; (b) if v and q are separable, then B*(z) = [i(2); (c) if
q 1is separable and r is nonseparable, then $*(z) = (5;.(2); (d) if ¢ is nonseparable and
r is separable, then (5*(z) = [%,(2); and (e) if ¢ and r are nonseparable and an index

monotonicity condition holds for q, then B, (2) = (5,(2).

ns

Several remarks are in order. First, Proposition 2.1 makes no reference at all to any
underlying structure: it applies to any random variables. Next, note that the identification
results of Propositions 2.1 and 2.2 do not require that X is continuously distributed or that
q or r are differentiable, as these conditions are not necessary for the existence of D,y or
D, iy. In such cases, the specific representations of Proposition 2.3 do not necessarily hold,
as differentiability for ¢ and r is explicitly required there. Nevertheless, 5 can still have a
useful interpretation as a generalized average marginal effect, similar to that analyzed by
Heckman and Vytlacil (2007). For brevity and conciseness, we leave aside a more detailed
examination of these possibilities here. Finally, we need not require that Z is everywhere
continuously distributed; local versions of these results hold on open neighborhoods where

Z is continuously distributed.

2.5 Estimation Framework

In addition to 5* (2), we are interested in weighted averages of 8 (z) such as

g = /3 Fw() de o B = [ B @w) fz(2)dz,

SB*
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where w (+) is a user-supplied weight function. Tables 1A and 1B in Heckman and Vytlacil
(2005) summarize the appropriate weights needed to generate policy parameters of interest,
such as the average treatment effect or the effect of treatment on the treated, in the context
of a latent index model. Under structural identification, we have 3, = 3,, and 3;,;, = B,,,

where
By = . f(z)w(z) dz and Bui, = . B(z)w(2) fz(z)d=. (12)

We thus focus on estimating stochastically identified 3, 3,,, and 3

wfz*

To encompass these objects, we focus on estimating quantities of the general form
gua(2)=DX(EWV | Z=2] f2(2)), (13)

where D} = (0*/0z") denotes the derivative operator of degree )\, and V is a generic
random variable that will stand for X, Y, or the constant (V = 1).

Note that special cases of eq.(13) include densities

fz(2) = g10(2),

conditional expectations
py () = gvo (2) [ g10(2),

and, when they exist, their derivatives

_ 9va (2) 9y (2) 911 (2)
g1,0 (Z) gi1,0 (Z) g1,0 (Z)

DZNY(Z)

Once we know the asymptotic properties of estimators of gy (z), we easily obtain the
asymptotic properties of estimators of 3 (z), 3,,, or B,

As discussed above, we treat two distinct cases. In the first case (OXI), we observe Z,

ensuring that X,Y, and Z permit estimation of S and related objects of interest. In the

second case (PXI), we do not observe Z but instead observe a proxy Z; = Z + U, (with

Uy L Z). In the absence of further information, 3 is no longer empirically accessible.
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The difficulty can be seen as follows. Under our assumptions, Z; is a "valid" and "rele-
vant'" standard instrument; thus, for linear r and ¢, we can structurally identify D py-;(2)
/ D.pix(21) = cov(Y, Zy)/cov(X, Z1) = cov(Y,Z)/cov(X,Z) = D.puy(z) | D.pux(2) as
D.py(2) | D.px(z) = By, where py(2) = E(Y | Z1 = 2) and px,(2) = E(X | Z1 = 2).
This fails without linearity, as D.py;(2) / D.ux,(2) generally differs from D.py (2) /
D.jix(z). Thus, even with structural identification of D.py(2) / D.pix(2), D.pry,(2) /
D.jix 1 (2) does not generally have a structural meaning — it remains a stochastic object. In
other words, substituting a proxy for an instrument, while harmless in fully linear settings,
generally leads to inconsistent estimates of structural effects in nonlinear settings.

As we show, however, 3 can be estimated if we can observe two error-contaminated

proxies for Z,

1< 724U, Zy = Z + Uy,

where U; and U, are random variables satisfying assumptions given below.

3 Estimation with Observed Exogenous Instruments

3.1 Asymptotics: General Theory

We first state results for generic Z and V, with gy ) as defined above. Our first conditions
specify some relevant properties of Z and V. For notational convenience in what follows, we

!

may write "sup,.g" or "inf,er" in place of "SUp,cqupp(z)" OF "Inf.esupp(z)"- By convention,

we also take the value of any referenced function to be zero except when z € supp(Z).

Assumption 3.1 Z is a random variable with continuous density fz such that sup,.p

fz(2) < oc.

Among other things, this ensures that f; (z) > 0 for all z € supp(Z).

18



Assumption 3.2 V is a random variable such that (i) E(|V]) < oo; (i1) E(V?) < oo and
sup,ep E [V?|Z = 2| < oo; (idi) inf.er E [V?Z = z] > 0; (iv) for some 6 > 0, E [|V]*7] <

0o and sup,ep E [|V[*7]Z = 2] < 0.

Assumptions 3.1(7) and 3.2(:) ensure that gy, (2) is well defined. Next, we impose

smoothness on gyo. Let N ={0,1,...} and N = NU {cc}.
Assumption 3.3 gy is continuously differentiable of order A € N on R.

Given a sample of n independent and identically distributed (IID) observations {V;, Z;},

a natural kernel estimator for gy, (2) is

v (2,h) = D E [% k (Z;Z)] — (1) RIE {v ey (Z; Z)} ,

where k () is a user-specified kernel, k™ (2) = D}k (z), h > 0 is the kernel bandwidth,

and the operator E [-] denotes a sample average: for any random variable W, E (W] =
n~t Y0 Wi, where Wi, ..., W, is a sample of random variables, distributed identically as

W. We specify our choice of kernel as follows

Assumption 3.4 The real-valued kernel z — k (z) is measurable and symmetric, [ k(z)dz =
1, and its Fourier transform & — k (§) is such that: (i) k has two bounded derivatives; (ii)
K is compactly supported (without loss of generality, we take the support to be [—1,1]); and

(iii) there exists £ > 0 such that k (&) = 1 for |€| < € .

Requiring that the kernel’s Fourier transform is compactly supported implies that the
kernel is continuously differentiable to any order. Politis and Romano (1999) call a kernel
whose Fourier transform is constant in the neighborhood of the origin, as in (iii), a "flat-
top" kernel. When the derivatives of the Fourier transform vanish at the origin, all moments
of the kernel vanish, by the well-known Moment Theorem. Such kernels are thus also called

"infinite order" kernels. These have the property that, if the function to be estimated is

19



infinitely many times differentiable, the bias of the kernel estimator shrinks faster than any
positive power of h. The use of infinite order kernels is not essential for the OXI case, but is
especially advantageous in the PXI case, where fast convergence rates are more difficult to
achieve. We use infinite order kernels in both cases to maintain a fully comparable analysis.

Our first result decomposes the kernel estimation error.

Lemma 3.1 Suppose that {V;, Z;} is a sequence of identically distributed random variables
satisfying Assumptions 3.1, 8.2(i) and 3.3, and that Assumption 3.4 holds. Then for each

A=0,..,A, z €supp(Z), and h >0
Gva (z,h) — gva(2) = Bva(z,h) + Ly (2, h), (14)
where By, (z,h) is a nonrandom “bias term” defined as
By (2,h) = gva(z,h) — gva (2),

with

gva(z,h) = D}E {%k <Z;Z>} = (-1)'E {Vh*lk(” (Z;Z)} ;

and Ly (z,h) is a “variance term” admitting the linear representation
L (2,h) = E [ty (2, 15V, Z)]

with

- .
fra (e 0. 3) = (0 (S5 ) ot ()

Proofs can be found in the Mathematical Appendix.
To obtain rate of convergence results for our kernel estimators, we impose further

smoothness conditions on gy,o and specify convergence rates for the bandwidth.

Assumption 3.5 For ( € R, let ¢y, (() = E [Ve?] = [ gy (z) €*dz. There exist con-

stants Cy > 0, ay <0, B4 >0, and 7, € R, such that 3, v, > 0 and

6y (O] < Co (1+1¢))7 exp (g 1% (15)
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Moreover, if ay = 0, then for given X € {0,...,A}, v, < A — 1.

This Fourier transform bound directly relates to conditions on the derivatives of gy. If
for some v, < 0, gy, admits A = —v, derivatives that are absolutely integrable over R,
then Assumption 3.5 is satisfied with ay = 0. The situation where o, < 0 corresponds to
the case where gy is infinitely many times differentiable (A = oo). This Fourier bound is
particularly advantageous when combined with an infinite order kernel, because the order
of magnitude of the estimation bias is then directly related to the constants oy and 3,. A
further advantage is that Assumption 3.5 exactly parallels the assumptions needed for the
PXT case, thus facilitating comparisons.

We choose the kernel bandwidth h according to the next condition.

Assumption 3.6 {h,} is a sequence of positive numbers such that as n — oo, h, — 0,

and for given X € {0, ..., A}, nh?**1 — oo,

Taken together, our moment and bandwidth conditions are standard in the kernel estima-
tion literature (e.g. Haerdle and Linton, 1994; Andrews, 1995; Pagan and Ullah, 1999).
The decomposition of Lemma 3.1 and the assumptions just given enable us to state our
first main result. We give this in a form that somewhat departs from the usual asymptotics
for kernel estimators, but that facilitates the analysis for the various quantities of interest

and eases comparisons with the PXI case.

Theorem 3.2 Let the conditions of Lemma 3.1 hold with {V;, Z;} IID.
(1) Suppose in addition that Assumption 3.5 holds for given A € {0,...,A}. Then for
h > 0,

sup | By (2. 1) = O (7)™ exp (ap (h7)™)).

z€R

where ag = a¢gﬁ¢,63 =84 and vyp =75+ 1+ A
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(i1) For each z € supp(Z) and h > 0, E [Ly, (z,h)] = 0, and if Assumption 3.2(ii) also
holds then
E Ly (z W] =n7"Qua (2, h),

where

Qi (2,h) = E [(bvp (2,1, V, 2))?]

is finite and satisfies

sup Qy (z,h) =0 (h_A_l/Q) : (16)
z€R
Further,
sup |Ly.x (z,h)] = O, (n’lmh’)"l) : (17)
z€R

If in addition h,, — 0 as n — oo, then for each z € supp(Z)
RPN (2, h,) — E[VAZ = 2] f7(2) / (k™ (2))” dz (18)

and if Assumption 3.2(iit) also holds, then Q. (2, h,) > 0 for all n sufficiently large.
(i4i) If in addition to the conditions of (ii), Assumptions 3.2(iv) and 3.6 for given
A €40, ..., A} also hold, then for each z € supp(Z)

n"2 (Qux (2, 7)) % Ly (2, ha) 5 N (0,1). (19)

As we use nonparametric estimators gy, as building blocks for more complex quan-
tities of interest such as 3, and 3, , we now consider a functional b of a k-vector g =
(GVirs - - -5 Gvin,)- Specifically, we establish the asymptotic properties of b (g (-, h))—b(g) =
b(gvia (5h) s gvene (5R)=b(gvi gy -+ 9y, )- We first impose minimum convergence
rates. For conciseness, we state these in a high-level form; primitive conditions obtain via

Theorem 3.2.

Assumption 3.7 For given A € {0,...,A}, sup.cp |Bv, (2, h,)| = o (n7Y/2) and sup, g
Ly (2, h)| = 0, (n71/4).
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The following theorem consists of two parts. The first part provides an asymptotically
linear representation, useful for analyzing a scalar estimator constructed as a functional of
a vector of estimators. The second part gives a convenient asymptotic normality and root-n

consistency result useful for analyzing 3, and In this result we explicitly consider a

wfz:
finite family of random variables {V4, ..., V;} satisfying Assumptions 3.2, 3.3, and 3.5. We
require that these conditions hold uniformly, with the same constants 6, A, Cy, ag, 84,7,
for all V' in the family. As the family is finite, this can always be ensured by taking the

constants 9, A, Cg, ag, 84,7, to be the worst-case values among all V' in the family.

Theorem 3.3 ForA,J € N, let \1,...,\; belong to {0, ..., A}, and suppose that {Vi;, ..., Vi, Z:}
is an IID sequence of random vectors such that {V};, Z;} satisfies the conditions of Theorem
3.2 and Assumption 3.7 for j =1, ..., J with identical choices of k and h,,.

Let the real-valued functional b be such that for any § = (Gvir,s---»9v,0,) 0 an L
neighborhood of the J-vector g = (gvy ays - GV, A, )

J J
=3 [ () =g () s @)+ 30 ([, o [) 20

Jj=1

for some real-valued functions s;, j = 1,...,J. If s; is such that sup,cg |s; (2)] < oo,
2
[1sj (2)|dz < o0, and E |:<‘/}S§Aj) (Z)) } < oo (with sg)‘j) (2) = Di\ij (2)) for each j =
. J, then

b(3 (b i B iy, s, (55375, 2)] +0, (n77%).

.
—_

where

Moreover,

where
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Interestingly, this result provides “nonparametric first step correction terms”, wvj A (5505, 2),

similar to the correction terms « (z) introduced in Newey (1994). Whereas Newey (1994)
provides correction terms for conditional expectations and densities (and derivatives thereof),
we provide correction terms for quantities of the form gy (2). Naturally, our correction
term for g o (2) reduces to Newey’s correction term for densities. Also, applying Theorem
3.3 to a nonlinear functional of the ratio gy (2) /g1.0 (2) recovers Newey’s correction term

for conditional expectations.

3.2 Asymptotics: OXI Case

We now apply our general asymptotic results to our main quantities of interest, eqs.(9) and

(12). First we treat the following nonparametric estimator of g (2):

~

B (Za hn) = DzﬂY('Z? hn) / DZ/lX (27 hn) (21)

for z € supp(Z), where

gva (2, h) _ gvo (2, h) G (2, h)
gi0(z,h)  gio(2.h) Gro(z,h)
gx1 (2, h) _ gx0(2,h) g1 (2, h)
!?1,0 (2’7 h) 91,0 (2, h) ﬁl,o (Z, h)'

D.jiy(z,h) = and

l)zikX(zvh) =
Applying Theorem 3.2 and a straightforward Taylor expansion, we obtain

Theorem 3.4 Suppose that {X;,Y;, Z;} is an IID sequence of random variables satisfying
the conditions of Theorem 3.2 for V. =1, X,Y, with A > 1 and A = 0,1, and with identical
choices of k and h,,. Further, suppose maxy_; xy MaXy—o1SUP,cg |gv.r (2)] < 0o, and for
T > 0, define

Z.={z€R: fz(2) >71 and |D,ux(z)| > 7}.

Then

sup ﬁ('zv hn) - 6(2)

2€Z+

-0 (7_—4 (hT—Ll)'Yl,B exp (OéB (hT_L1)BB>> +0, (T—4n—1/2 (h;1)2> ’
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and there exists a sequence {t,} such that T, >0, 7,, — 0 as n — oo, and

sup |3 (2, ) — B(2)| = 0p(1).

2€Zr,

The delta method secures the next result.

Theorem 3.5 Suppose that {X;,Y;, Z;} is an IID sequence satisfying the conditions of
Theorem 3.2 for V =1, X,Y, with A > 1 and A = 0, 1, and with identical choices for k and
{hn}. Further, suppose maxy_; xy maxy—o1|gv. (2)| < 0co. Then for all z € supp(Z) such

that |D,px(z)| > 0,
W2 (2, ko) (B (2 h) = B(2)) 5 N (0,1),
provided that <maxV:17X7y maxy—o,1 (nl/zh;\LH/z) | By (2, hn)|> 2,0 and that
Qs (2, hn) = E [( (2, hy; X, Y, Z))z}
is finite and positive for all n sufficiently large, where

lg (2, h2,y,2) = Z (sx1 (2) b (2,051, 2) + sxxa (2) Uxn (2, By, 2)

A=0,1
+sya (2) Lo (2,051, 2) + syya (2) by (2, 05y, 2)) (22)
() = 1 :
syya(z) = D.jix(2) 910 (2)
1 g1.1 (Z) 1
S z) = —
vy (2) D.ux(2) 910 (%) 10 (2)

S zZ) = — (
vii(z) = o

D.jix(2) 91,0 (2) 91,0 (2)
. A = 1 gvo (2) 11 (2)  gva (2) 1
vio(z) = D.pix(2) (291’0 (2) g10(2) G100 (z)) 910 (%)
_ B 1
sxyi(z) = Doix(2) g0 (2)
SXYO(Z) = ﬁ(Z) o (Z) 1
o D.px(2) 910 (2) 910 (2)
sxi1(2) = — plz) gnols) 1
" D.pix(2) 910 (2) 910 (2)
s Z) = B(z) 9x0(2) 911 (2)  gx1(2) 1
x10(2) D pix(2) (2 910 (2) 910 (2)  g10(2) ) 9o ( )



As described in Section 2, weighted functions of 3, 3, and j3,,,, defined in eq.(12) are

also of interest. We now propose the following estimators for these:

3, /S B (2 ha) w (2) dz

B('*hn)

Bay, = / B (2 ha) w (=) dro (2, ) d,
S5

(hn)

where S5, = {2 910 (2, hn) > 0,|D.fix (2, hn)| > 0}. We next restrict the weights.

Assumption 3.8 Let W be a bounded measurable subset of R. (i) The weighting function
w : R — R is measurable and supported on W; (ii) inf,ew fz (2) > 0 andinf, ey | D px (2)| >

0; (ili) maxy—1 xy maxy—g1Sup,cyy |gva (2)] < o0.

The asymptotic distributions of these estimators follow by straightforward application
of Theorem 3.3, noting that, with probability approaching one, the integrals over the ran-
dom set SB(~,hn) equal the same integral over the set W, because under our assumptions
the denominators in the expression for B (z, hy,) converge uniformly to functions that are
bounded away from zero over WW. Due to the weighted estimators’ semiparametric nature,

root-n consistency and asymptotic normality hold.

Theorem 3.6 Suppose the conditions of Theorem 3.3 hold for V =1, X,Y, and A = 0,1,

and that Assumption 3.8 also holds. Then
'I’Ll/2Q;1/2 (Bw . ﬁw> i} N(O, 1) :
provided that

0, =E [(zpﬁw (X.Y, Z))ﬂ

18 finite and positive for all n sufficiently large, where

wﬁw (r,y,2) = Z (wm (wsx a1, 2) + wx,,\ (wsx xx; T, 2)
A=0,1

+ (wsyaa; 1, 2) + Py (wsyya; Y, 2)),
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ws z,v,\ denotes the function mapping z to w (z) sav (2), and where Py, (s;v, 2) is defined

in Theorem 3.5.

Theorem 3.7 Suppose the conditions of Theorem 3.3 hold for V =1,X,Y, and A = 0,1,

and that Assumption 3.8 also holds. Then
—1/2 (¢ d
W22 By, = Bup, ) S N (0,1),
provided that

Quy, = E [(wﬁwfz (X.Y, Z>)2]

is finite and positive for all n sufficiently large, where

Vs, (©.9,2) = {> 0 Wia fzsxaail,2) + s (whzsx x a2, 2)

A=0,1
+yy (Whzsyan 1, 2) + Yy (Wizsyyay, 2)) )

+77Z)1,0 (wﬁa ]-7 Z) )

wsa,va denotes the function mapping z to w(z) fz(2)sava (2), wB denotes the function

mapping z to w (z) B(z), and where Yy, (s;v,2) is defined in Theorem 8.3.

It is straightforward to show that the asymptotic variances in Theorems 3.2, 3.3, 3.5,
3.6, and 3.7 can be consistently estimated, although we do not provide explicit theorems
due to space limitations. In the cases of Theorems 3.2 or 3.5, this estimation can be
accomplished, respectively, by substituting conventional kernel nonparametric estimates
into eq.(18), or by calculating the variance of eq.(22) through a similar technique. In the
case of Theorems 3.3, 3.6, and 3.7, we directly provide an expression for the influence

function, from which the asymptotic variance is easy to calculate.

4 Estimation with Proxies for Unobserved Exogenous
Instruments

When Z cannot be observed, the estimators of Section 3 are not feasible. In this section we

consider estimators based on error-laden measurements of Z. This delivers nonparametric
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and semi-parametric analogs of the PXI estimators introduced by CW.

4.1 A General Representation Result

We begin by obtaining a representation in terms of observables for gy, with generic V'

when Z is unobserved, using two error-contaminated measurements of Z:
Z1=7+U; Ly =2 + Us.

We impose the following conditions on Z, V, Uy, and U,. For succinctness, some conditions

may overlap those previously given.

Assumption 4.1 E[|Z|] < oo, E[|U;]|] < 00, and E[|V]] < cc.
Assumption 4.2 E[U,|Z,Us] =0, Uy L Z, and E |V |Z,Us) = E[V|Z].
The next assumption formalizes the measurement of Z.

Assumption 4.3 7, = Z + U, and Zy = Z + Us.

We now show that gy\ can be defined solely in terms of the joint distribution of V, Zj,
and Zy. Thus, if these are observable, then gy is empirically accessible. This result gen-

eralizes Schennach (2004b), which focused on the A = 0 case.

Lemma 4.1 Suppose Assumptions 3.1, 4.1 - 4.3, and 3.3 hold. Then for each A\ €
{0,...,A} and z € supp(Z)

9 () = 5= [ (50 oy (O exp (~iC2)de,

where for each real (,

. E [Vel¢% CIE [Zie”
o= e =B o [ )
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4.2 Estimation

Our estimator is motivated by a smoothed version of gy (2).

Lemma 4.2 Suppose Assumptions 3.1, 4.1, and 3.3 hold, and let k satisfy Assumption
3.4. For h >0 and for each \ € {0, ..., A} and z € supp(Z) now let

gva (2, R) E/%kz (Z - Z) gy (3) d2.

Then

v (22h) = o [ (<0 k(1) by () exp (~iC:) de

By lemma 1 of the appendix of Pagan and Ullah (1999, p.362), we have lim;, ¢ gv.» (2, h) =
gv. (%), so we also define gy (2,0) = gy (2) . Motivated by Lemma 4.2, we now propose

the estimator

1

v (zvha) = 5 [ (450" K () By (O exp (iC2) e (23)

with A, — 0 as n — oo, where, motivated by Lemma 4.1,

. _ E[vei®] CiE [Z,€1¢7]
b0 (= i o < | S - d5>, (24)

and F [] denotes a sample average, as above.
4.3 Asymptotics: General Theory

The results of this section extensively generalize those of Schennach (2004a, 2004b), to
include (i) the A\ # 0 case (ii) uniform convergence results and (iii) general semiparametric
functionals of gy, and hence will be applicable beyond our PXI case. Parallel to Lemma 3.1,
we first decompose the estimation error into components that will be further characterized

in subsequent results.
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Lemma 4.3 Suppose that {V;, Z;, Uy;, Us;} is a sequence of identically distributed random
variables satisfying Assumptions 3.1, 4.1 - 4.3, and 3.3, and that Assumption 3.4 holds.
Then for each A =0, ..., A, z € supp(Z), and h > 0,

Gva(z,h) —gva(2) = By (2,h) + Ly (2,h) + Rya (2, h), (25)
where By, (2, h) is a nonrandom “bias term” defined as
By (z,h) = gva (2,h) — gva (2);
Ly (z,h) is a “variance term” admitting the linear representation
Lyva(z,h) = Elyx (2,0 V, Z1, Z2)]
with
lyr(z,hyv,21,20) = /\IJV,M (&, 2,h) (eigz2 —F [61522]) d¢
+ / Uy z (€ 2,h) (21652 — E [Z,€472]) d€
+ / Uy (€ 2, h) (vei522 - F [VeigZZD dg,

where, for A=1,71, and V, we let 04 (() = E [Aeigzﬂ and define

Uyai (€ 2,h) = —%q;‘:—((gexp(—igz) (—i6) k (he)
i—iezl 9 jmex —iC2) (=i K
—%(Qlf))gfg P (=iC2) (=1¢)" (k) dy (€) ¢
Wi (€2 0) = gogm [ e (02) (550 () o (0) ¢
16, (©)

Uy (6,2,h) = exp (—ifz) (—i&)* k (hE),

27 0, (€)
where for a given function ( — f((), we write f:oo f(Q)d¢ = lime_ fgé f(¢)d¢; and

Ry (z,h) is an (implicitly defined) nonlinear “remainder term.”

We already have conditions sufficient to describe the asymptotic properties of the bias

term defined in Lemma 4.3.
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Theorem 4.4 Let the conditions of Lemma 4.3 hold with {V;, Z;, Uy;, Us; } 1ID, and suppose

in addition that Assumption 3.5 holds for given A € {0, ..., A}. Then for h > 0,

sup | By (2. 1) = O (7)™ exp (ap (h7)™)).

z€R

where ag = a¢gﬁ¢,63 =B84 and vyp =7+ 1+ A

This result is closely parallel to Theorem 3.2(i). Our next result parallels Theorem

3.2(74) and (7i¢). For this, we first ensure that Ly ) (z, h) has finite variance.
Assumption 4.4 E[Z}] < o0, E[V?] < c0.

To obtain the rate for Q) (z,h) = var(n'/2Ly, (2, h)), we impose bounds on the tail
behavior of the Fourier transforms involved, as is common in the deconvolution literature

(e.g. Fan, 1991; Fan and Truong, 1993). These rates are analogous to Assumption 3.5.

Assumption 4.5 (i) For each ( € R, let ¢, (¢) = E [¢"?] satisfy

M' <1+ (26)

1 (€)

for some C1 >0 and v, > 0; and for Cy, oy, By, and v, as in Assumption 3.5,
91 (O < Co (14 1¢1)™ exp (a5 1%
(it) For each ¢ € R, let 0, (¢) = E [?2] satisfy
02(0)] = Co (14 I¢1)™ exp (an | ) (27)
for some Cy >0 and ap <0, By > 3, >0, and vy € R, such that v,3, > 0.

For conciseness, we express our bounds in the form (1 + |¢])” exp (a ¢|? ), thereby si-
multaneously covering the ordinarily smooth (o« = 0, 8 = 0) and supersmooth (a # 0,

B # 0) cases. Note that the lack of a term exp (oq ¢|° 1) in eq.(26) results in a negligible
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loss of generality, as D¢¢, (€) /¢, (() = D¢In ¢, (¢), and In ¢, (¢) is typically a power of ¢ for
large (, even if ¢, (() is associated with a supersmooth distribution. The tail behaviors of
¢, (¢) and ¢y, (¢) have the same effect on the convergence rate; we may thus impose the same
bound without loss of generality. The lower bound on 6, (¢) is implied by separate lower
bounds on F [eicz} and [eiCUﬂ, as independence ensures F [eiczﬂ =F [eigz } E [eiCUﬂ.

By using the infinite order kernels of Assumption 3.4, we ensure that the rate of conver-
gence of the estimator is never limited by the order of the kernel but only by the smoothness
of the data generating process. This can be especially helpful when the densities of Z, and
Z are both supersmooth, in which case an infinite order kernel can often deliver a conver-
gence rate n~" for some r > 0. In contrast a traditional finite-order kernel only achieves a
(Inn)~" rate. Although our theory can easily be adapted to cover finite-order kernels, as
in (Schennach, 2004b), we focus on infinite order kernels to exploit their better rates.

The next bounds parallel Assumption 3.2(iv) and help to establish asymptotic normality

of the kernel regression estimators.

Assumption 4.6 For somed > 0, E [|Z:|**°] < co,sup,cp E [Z71|Z, = 2] < 00, E [|[V|**°] <

00, and sup,p E [V?*|Z, = z] < cc.

The next assumption imposes a lower bound on the bandwidth that will be used when

establishing asymptotic normality.

Assumption 4.7 If 8, = 0 in Assumption 4.5, then for given X € {0,..,A}, h,! =
O <n‘”n(3/2)/(3_79+7¢+71+)‘)) for some n > 0; otherwise h;;' = O <(1n n)%l*") for some

n > 0.

Theorem 4.5 Let the conditions of Lemma 4.3 hold with {V;, Z;, Uy;, Us;} IID. (i) Then
for each z € supp(Z) and h > 0, E [Ly, (2, h)] = 0, and if Assumption 4.4 also holds, then

E[Lyy\ (z,h)] =n7'Qua(2,0),
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where

Qui (2,h) = B [(bvp (2,0 V, Z1, Z2))?] < 0.

Further, if Assumption 4.5 holds then

sup Qv (z,h) =0 <(h_1)7“ exp <aL (h_l)’BL>> , (28)

z€R

with oy, = a¢1(6¢269) —ag, B, =By, and vy, =2+ 75— Y9 + 71 + A We also have

sup | Ly (z,h)| = O, (nfl/2 (h’l)vu exp (OéL (hq)BL)) :

z€R
(i7) If Assumptions 4.6 and 4.7 also hold, and if for each z € R, Qv (2, hy,) > 0 for all

n sufficiently large, then for each z € supp(Z)
02 Qo (2,50)) 2 Lya (2, hn) 2 N(0,1).

Finally, we establish a bound on the remainder Ry, (2, h,). For this, we introduce

restrictions on the moments of 7.
Assumption 4.8 FE[|Z5|] < o0, E[|Z125]] < 00, and E ||V Zs|] < 0.

We provide two bounds for Ry, (2, h,). The first is relevant when one requires a limiting
distribution. When instead we only need a convergence rate, a lower bandwidth bound

slightly different than that of Assumption 4.7 applies.

Assumption 4.9 If /60 = 0 m Assumption 4'57 then h;l — O (ninn(2+271*2’79)_1> fOT

some 1 > 0; otherwise h,! = O <(ln n)ﬁe_l_"> for some n > 0.
Note that neither of Assumption 4.7 or 4.9 is necessarily stronger than the other.

Theorem 4.6 (i) Suppose the conditions of Theorem 4.5 hold, together with Assumption
4.8. Then

sup |Rya (2, hy)| = O, <n(*1/2)+f (1 i h;1)1+vl—*re exp <—a9 (h;1)ﬂe>>
z€R
< 0, <n_1/2 (hgl)vu exp <CVL (h;1>BL)>
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for some € > 0. (ii) If Assumption 4.9 holds in place of Assumption 4.7, then

sup |Ry (2, hn)| = 0, (n_1/2 (h;l)%’L exp (aL (h51)5L>> )

z€R

We can now collect Theorems 4.4-4.6 into two straightforward corollaries, one estab-

lishing a convergence rate and one establishing asymptotic normality.
Corollary 4.7 If the conditions of Theorem 4.6(ii) hold, then

Sp v (2 n) = gva (.0 = O (1) exp (e (1)) +

2€R
€ Lo, (n_1/2 (h!) ™ exp <04L (hT—Ll)/BL>> '

The following assumption ensures that the bias and higher-order terms will never dom-

inate the asymptotically linear terms.

Assumption 4.10 For given A € {0,...,A}, h, — 0 at a rate such that for each z €
supp(Z) such that Qv (z, h,) > 0 for all n sufficiently large, we have n*/2 (Qy.» (z, hn))fl/2
By (2, ) | > 0 and n'/? (Quia (2, ha)) ™% | Rua (2, hi)| 0.

For our next result, it is not sufficient to require that By, (z,h) and Ry (z, h) are small
relative to the bound given in eq.(28), because the latter is an upper bound. Instead,
Assumption 4.10 ensures a lower bound on Qv (2, h,). While we give this assumption in a
fairly high-level form for clarity, one can state more primitive (but also more cumbersome)

sufficient conditions using techniques given in Schennach (2004b).

Corollary 4.8 If the conditions of Theorem 4.6(i) and Assumption 4.10 hold, then for

each z € supp(Z) such that Qv (2, hy) > 0 for all n sufficiently large, we have

Y2 (s (2,00)) 2 (G (2, hn) = gvia (2,0)) 5 N (0,1) .
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Just as in the OXI case, we now consider the case of a functional b of a finite vector
9= (9vin»--->9v,.0,) of quantities of the general form of eq.(13) and seek the asymptotic
properties of b (7 (1)) = b(9) = b (v (+) - s Guyns (1) = b (s -+ Gvr0,))-

We first require minimum convergence rates, which we state here in a high-level form

for conciseness — primitive conditions can be obtained via Theorems 4.4-4.6.

Assumption 4.11 For given X € {0, ..., A}, sup,cp [Bvx (2, hn)| = 0 (n7?) , sup,cp

|LV,)\ (z, hn)| = 0p (n*1/4) , and SUp, g |RV,/\ (z, hn)| =0, (nfl/Z).

The following theorem consists of two parts, one establishing the validity of an as-
ymptotically linear representation, useful for analyzing a scalar estimator constructed as
a functional of a vector of estimators. The second part gives a convenient asymptotic

normality and root-n consistency result useful for analyzing 3, and 3,;, .

Theorem 4.9 For given A, J € N, let \y,...,\; belong to {0,...,A}, and suppose that
Viiy oo, Vigiys Zi, Uyiy, Us }ois an 11D sequence of random wvectors such that {Vj;, Z;, Uy, Usi }
satisfies the conditions of Corollary 4.8 and Assumption 4.11 for j = 1,..., J, with identical
choices of k and h,,.

Let the real-valued functional b satisfy, for any § = (Gvy.xnys-- -5 Gv, ;) in an Ly neigh-

borhood of the k—wvector g = (gvy nys - Gvy 0,5
J J 9
b(G) —b(g) = Z/ (G, (2) = g, (2)) 85 (2) dz + ZO (Hgvj,xj - 91@7Aj||oo> (29)
i=1 =1

for some real-valued functions sj,j = 1,...,J. If s; is such that [|s;(z)|dz < co and

W, v, (€) dE < o0, where

S SO S A W T ol
ba®) = o (1 TG ) (O I 1P o 1 + 1o 011 o )

02, (§) = E[Ze”]

o5 (§) / 5 (2) e dz,
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for each j =1,....J, then

b3 ha) = bl9) = Y B [y, s, (55 Vis 21, 20)| + 0, (n72).

where
Uiz = [ Wanna (O (657 - B[5]) dg
+ [ Wean (© (16 — B [206]) dg
# [ Weraw (6) (06 — B [V de,
with
T (€)= ;ﬁﬁj(;a (©) (-i6)* - ;ﬂ% / 0 (-0 0y () de
Vs = 5 ;OO P oy (€)d¢
Vv (©) = 5o gHHol O (0",

where t denotes the complex conjugate. Moreover,

n2(b(§ (o ha)) —b(g)) % N (0,),

where

k 2
Qb:E [(Ziﬂvj)\] (83';‘/;‘,21,22)) :| < Q.
j=1

4.4 Asymptotics: PXI Case

Having derived general asymptotic results, we now apply them to the main quantities of

interest (egs.(9) and (12)). Consider the following nonparametric estimator of 5 (z):
B (2,h) = Dafiy(2,h) / Dafix(z,h) (30)

for z € supp(Z), where, using the kernel estimators § of the preceding section, we have

g (2 h) _ gvo(2,h) G (2, 1)
gi0(2,h)  Ggio(2h) Gro(z,h)
gx1 (2, h) _ gx0(2,h) g1 (2, h)
gio(z,h)  §10(2,h) gro(2,h)
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Dz/jLX(Za h) =




Combining the results from the previous section with a straightforward Taylor expansion

yields the following result.

Theorem 4.10 Suppose that {X;,Y;, Z;, Uri, Usi} is an IID sequence satisfying the condi-
tions of Corollary 4.7 for V=1, X,Y, with A > 1 and A = 0,1, and with identical choices
of k and h,,. Further, suppose maxy—; x,y MaXy—o1SUp,cp |gv.x (2)] < oo, and for 7 > 0,
define

Z.={z€R: fz(2)>7 and |D,ux(z)| > 7}.

Then

sup |3 (2, ) — 5 (2)

2€Z,

= o(r ()" exp (an (1)) +
10, <7_74n71/2 (h;1)71,L exp (OéL (hq)BL)) ’
and there exists a sequence {T,} such that 7, >0, 7,, — 0 as n — oo, and

sup
ZEZTn

Bz hy) — 5(@‘ = 0,(1).

The delta method secures the next result.

Theorem 4.11 Suppose that {X;,Y;, Z;, Uri, Us;} is an IID sequence satisfying the condi-
tions of Corollary 4.8 for V =1, X,Y, with A > 1 and A = 0,1, and with identical choices
of k and h,. Further, suppose maxy_; xy mMaxy—g1SuP,cg |gv.a (2)| < oo. Then for all

z € supp(Z) such that |D,pux(z)| > 0,
nV205M2 (2, ko) (B (2 ha) = B8(2)) 2 N (0,1),

provided that

Qs (2,h) = E (s (2, h; X, Y, Zy, 75))?]

18 finite and positive for all n sufficiently large, where

lg (2, h;w,y,21,22) = Z (sx,10 (2) i (2,031, 21, 20) + sxx0 (2) Uxon (2, By @, 21, 22)
A=0,1

+syan(2) lia(z,h; 1, 20, 20) + syva (2) bya (2, hsy, 21, 22)),
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and where sx 1 (2), sx.xx (%), Ssyax(2), and syy (z) for X =0,1 are as defined in The-

orem 8.5.

We now consider semiparametric functionals taking the forms of eq.(12) and analyze

the estimators

A

b = [ BGhueE
B’wfz = /S [‘3 (2, hn)w (2) g10 (2, hy) dz,

where Sz, v = {2 g10 (2, k) > 0,|D.fix (2, h)[ > O}
The asymptotic distributions of these estimators follow by straightforward application
of Theorem 4.9, analogously to the OXI case. Thanks to their semiparametric nature,

root—n consistency and asymptotic normality is possible.

Theorem 4.12 Suppose the conditions of Theorem 4.9 hold for V=1, XY and A =0,1,

and that Assumption 3.8 holds. Then
nl/QQ;1/2 (Bw . 6w> i) N(O, 1) :

provided that
0, =E [(wﬁw (XY, Z1, 22))2]

18 finite and positive for all n sufficiently large, where

Vo (T, 2,2) =Y (i (wsxani L 21, 22) + Uy, (wsx x5 2, 21, 22)
A=0,1

F1 0 (Wsyaa; 1, 21, 22) + Py (WSyya; Y 215 22)),

ws v denotes the function mapping z to w(z) sava(2), and where vy, is defined in

Theorem 4.9.
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Theorem 4.13 Suppose the conditions of Theorem 4.9 hold for V=1, XY and A = 0,1,

and that Assumption 3.8 holds. Then
1/200-1/2 (7 d
n 2012 (Bug, = Bug,) > N (0.1),
provided that

Qup, =L [(%wfz (X,Y, Zy, Zz))?

is finite and positive for all n sufficiently large, where

Vs, (©:9,21,22) = | Z (Vi (wfzsxan 1,21, 22) + Vx o\ (Wfzsx x 2, 21, 22)
A=0,1

+1a (Wfzsyan 1, 21, 22) + Uy (Wfzsyvas Y, 21, 22)) }

+¢1,0 (wﬁa 17 a ZQ) )

wfzsaya denotes the function mapping z to w (z) fz(2)sava (2), wB denotes the function

mapping z to w(z) B(z), and where vy, is defined in Theorem 4.9.

Although we do not provide explicit theorems due to space limitations, it is straightfor-
ward to show that the asymptotic variances in Theorems 4.9, 4.12, 4.13 can be consistently
estimated, since we provide an explicit expression for the appropriate influence functions.
In the cases of Theorems 4.5, 4.8, and 4.11, the bandwidth-dependence of the variance is
nontrivial, and it is not guaranteed that the same bandwidth sequence used for the point es-
timators provides suitably consistent estimators of the asymptotic variance. Consequently,
it may be more convenient to rely on subsampling methods for purposes of inference. For-
tunately, powerful subsampling methods designed to handle generic convergence rates (such
as ours) are available from Bertail, Politis, Haefke, and White (2004). These require noth-
ing more than the existence of a limiting distribution for a suitably normalized estimator,
precisely as we have already established in our results above.

While the above treatment covers proxies for instruments whose measurement errors

satisfy conditional mean or independence assumptions, more general forms of proxies con-
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taminated by either “nonclassical” or “Berkson-type”? measurement errors could be con-
sidered by adapting the techniques developed in Hu and Schennach (2007) or Schennach

(2007), respectively.

5 Discussion

The estimation results of Sections 3 and 4 apply to any random variables satisfying the
given regularity conditions, and these do not involve structural relations. Thus, in the
absence of further conditions, these estimators have no necessary structural meaning. To
interpret estimators of 5(z) as measuring an average marginal effect, Assumptions 2.1 and
2.2 suffice, as Proposition 2.2 ensures. When Assumption 2.2 fails, analysis analogous to
that of White and Chalak (2006, section 5.1) shows that 8(z) = v(z)8"(z) + 0(2), where
v(2) and §(z) are not stochastically identified, but generally satisfy v(z) # 1 and 6(2) # 0.
When Assumption 2.1 fails, then 8*(z) is no longer even defined. Thus, Assumptions 2.1
and 2.2 are crucial to giving a structural interpretation to an estimator of 5(z).

In sharp contrast to the linear case, here we rely on U, L U, to structurally identify
B(z). In the linear case, this assumption is not necessary, and in the PXI case, a convenient
simplification renders even D.puy,(2) / D.jux,(2) structurally identified (see CW). The
simplicity of the linear case masks the fundamental differences between OXI and PXI.

Inspecting the measurement assumptions of Section 4 (Assumptions 4.1, 4.2, 4.4, 4.6,
and 4.8) reveals an asymmetry in the properties assumed of Z; and Z, and/or U; and
Us. Although this asymmetry may be present in some applications, in others symmetry
may be more plausible. In the latter situations, one can construct two estimators of 3(z),
say Bl(z, hy) and 32(2, hy), by interchanging the roles of Z; and Z,. Using these, one can

construct a weighted estimator with superior asymptotic efficiency, having the GLS form

[V (2, he) ") S (2, b)) T B (2, ),

2A instrument proxy contaminated by a Berkson-type error can be directly used as an instrument,
unless we wish to identify effects conditional on the true instrument instead of its proxy.
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where ¢ = (1,1), and i](z, hy) represents an estimator of the asymptotic covariance ma-
trix of B(z, hn) = (B1(2, hn), By(2, ha))' (suitably scaled). The estimator 3(z, h,) can be
constructed using subsampling, as in Section 4. The same approach applies to estimating
functionals of .

More generally, one may have multiple error-laden measurements of an unobserved ex-
ogenous instrument 7, say (71, ..., Zy),k > 2. Depending on the measurement properties
plausible for these, one can construct a vector of consistent asymptotically normal estima-
tors B(z, hy) = (B1(2, hn), ... By(2, hy))', where ¢ > k. From these, one can construct a
relatively efficient estimator as a GLS weighted combination of the elements of B(z, hy),

analogous to the case with ¢ = 2 given above.

6 Summary and Concluding Remarks

In this paper we provide consistent and asymptotically normal nonparametric estimators
of average marginal effects of an endogenous cause, X, on a response of interest, Y, for a
general system of structural equations. The system is general in that we do not assume
linearity, separability, or monotonicity for the structural relations. Our estimators are local
indirect least squares (LILS) estimators analogous to those introduced by Heckman and
Vytlacil (1999, 2001) for an index model involving a binary X. We treat two cases, the
traditional OXI case and the PXI case, where the exogenous instrument cannot be observed,
but where as few as two error-laden proxies are available.

For the OXI case, we use the infinite order ("flat-top") kernels of Politis and Romano
(1999), obtaining uniform convergence rates as well as asymptotic normality for estimators
of identified instrument-conditioned average marginal effects and root—n consistency of
their weighted averages. For the PXI case, we develop new results for estimating densities
and expectations conditional on mismeasured variables, as well as their derivatives with

respect to the mismeasured variable. We provide uniform convergence rates, as well as
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asymptotic normality results in fully nonparametric settings. We also consider nonlinear
functionals of such nonparametric quantities and use these to establish root-n consistency
and asymptotic normality for estimators applicable to the PXI case. Previously, only
results for the quite special linear PXI case were available (CW); by covering the general
nonseparable case, the present results necessarily also cover the widely applicable PXI cases
in which one or the other of ¢q or r is separable: 5%, 5%, and 3] ..

There are a variety of interesting directions for further research. In particular, it is
of interest to develop the proposed tests of the separability of ¢ based on our estimators.
It also appears relatively straightforward to develop estimators analogous to those given
here for average marginal effects of endogenous causes in non-recursive ("simultaneous")
nonseparable systems. Finally, it appears feasible and is of considerable interest to extend
the methods developed here to provide nonparametric analogs of the various extended

instrumental variables estimators analyzed by CW.
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A Appendix

The proofs of Lemma 3.1, Theorem 3.2, 3.3, 3.4, 3.5, 3.6 and 3.7 are fairly standard and

can be found in the supplementary material.

Proof of Lemma 4.1. Assumption 4.1 ensures that all expectations below exist and are

finite. Given Assumptions 4.2 and 4.3, we have

iE [ Z,€%%2] iE [Z2€7+0)] LR [E U] Z, Uy) e€Z+0)]
Elei€%] E [¢€(Z+02)]
B iF [Zeiﬁ(Z-i—Uz)] B iE [Zeiﬁz] E [eigUﬂ
E [eié(Z+02)] - E [€i¢Z]  E [ei€U2]
iE [ZelZ] .
= THaez] 7] =D¢In (E e gz}) .

It follows that for each real (,

BV B[] b rce
E 7] E [¢<0]

oy (Q) = E[Ved?] =

E [Vel¢Z] .
= Rz Pl
E [Vel?]

— S e (i (B[) ~ )

E Ve‘CZ2
— €ICZ2 exp </ D, ln IEZ]) df)
E [Ve‘CZQ] CiF [Zle‘SZQ]
S A [P B e i 2
Eeic?2] o Elei]
For each A € {0,...,A} and z € supp(Z), we have

(—i0)* ¢y () exp (—i¢z) d¢

1 .
o o / (i)Y B [Ve'?] exp (—i¢z) dC.

The expression on the right is the inverse Fourier transform of (—i¢)* E [Ve“Z]. Integration
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by parts, valid under Assumptions 3.1 and 3.3, gives
(O E[Ve?] = (-i0)? / EV|Z = 2] fz () édz
= (—1)”\/E[V|Z = 2] fz (2) D)e%dz
= [(DEVIZ =2 f2:) s
= /QV,/\ (2) % dz.
As the final expression is the Fourier transform of gy (), the conclusion follows. m

Proof of Lemma 4.2. Assumptions 3.1, 4.1, 3.3, and 3.4 ensure the existence of

wateu) = [ (57 ) ava ez

- /%k (2;Z> D2 (E(V|Z =] f7 (2)) d2.

By the Convolution Theorem, the inverse Fourier Transform (FT) of the product of x (h()
and (—i¢)* E [Vel?] is the convolution between the inverse FT of « (h() and the inverse
FT of (—i¢)" E [Vei?]. The inverse FT of « (h¢) is h~'k (2/h), and the inverse FT of
(i) E [Vel¥?] is DY (E[V|Z = 2] f2 (2)). It follows that

gua (2, h) = % % (h¢) <(—i§)’\E[VeiCZDeXp(—iCz)dC

1

= 5 [ 5(hO) (=) by (¢) exp (—iCz) dC.

Proof of Lemma 4.3. Assumptions 3.1, 4.1, 3.3, and 3.4 ensure the existence of gy, (2)

and gy (2, h). Adding and subtracting appropriately gives eq.(25), where for any gy, (z, h)

By (z,h) = gva(z,h) —gva(2)
Ly(z,h) = gva(z,h) —gva(zh)
RV,)\ (Zv h’) = gV,)\ (Zv h’) - gV,)\ (Z, h) .
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We now derive the form that gy, (2, h) must have in order for Ly, (2, h) to be a linearization
of gy (z,h) — gvaa (2, h).
Recall that for A = 1,Z;, and V, we let 04 () = E [Ael%] . Also, write 64 (¢) =
E [Aei¢#2] and 804 (¢) = 04 (O)—04 (C). We first state a useful representation for 8y (¢) /0y (¢):
Oy () _ bv (¢) + by (¢)
01(¢)  01(¢) +061(C)
where gy (¢) = 0v (¢) /01 (¢) and where 0y () can be written as either

Q8 (Q 0B (O 50, ()
v (O‘<91 O 00) )(” 0 <<>) 32

= qv (¢) +dqv (¢), (31)

or

dgv (¢) = v (¢) + 024v (€), with (33)
o aev<o 6y (O3 (¢)

M) =00 T T 0P

0 © (00N 0@ B Qb [, Q)
bty () = el<>< <>> (”‘mo) AGEAE (”mo) |

SimilarlYa for Qz fg 10 /91 ))dC7 5@2’ fo 19 /91 ))dg - Qz (f) ) and
some random function §Q. (¢) such that ‘5Qz < ‘5QZ

exp Q- (6) +0:(9)) = exp (@ (©) (1+0.(©) + 3lex» (30 ()] (60:©)) ) . 30

Substituting egs.(31) and (34) into
QVJ\ (Z7h) gV)\( 7h)
_ e @ 024\ v © ( [192()
= 5 ) G e™ p(/o Q) dc) i = () e e

and keeping the terms linear in 60 (¢) or 80z, (¢) gives the linearization of jy.x (z,h),
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denoted gy (2, h):

Gva (2,h) — gva (2, h)

¢ (66, iz 2
B TN CRAET Y5

661 (¢)
01 (<)

68y (€)
01 (<)

o / exp (—i¢z) (—i€)" <h£>( by (6) — L)y (5)) d.

Using the identity

[~ [requue= " ["reqaic [ [T requc= [ [T e

for any absolutely integrable function f, we obtain

LV,)\ (27 h) = gV,)\ (Z, h) — gva (Z7 h)

T e i) (i) 007, (¢) _ 102, (€) 961 (¢)
- 5[ et <h5>¢v<g>d§( T )dg

591 (&)
01 (€)

60y (€)
01 (€)

¢ (&) —

+ = / exp (—iéz) (—ie)* (hg)( by (5)) dg

-2 /WV’A’A(&Z"h)MA(Od&

A=1,71,V

_ Z /\I’VAA £,2,h) [Aeiéb} _E [AeiEZQD d¢ (35)

A=1,71,V

> /@VM £, 2,h) (A% — E [Aei$%2]) dg]

A=1,Z1,V
= [KV,)\ (Z, h;V, 2, Z2)]>

where Wy y 4 (&, 2, h) and ly, (2, h; V, Z1, Z5) are defined in the statement of the Lemma. m

Definition A.1 We write f(¢) < g ({) for f,g : R — R when there exists a constant
C > 0, independent of ¢, such that f({) < Cg(() for all ¢ € R (and similarly for ).
Analogously, we write a, = b, for two sequences a,,b, when there exists a constant C

independent of n such that a,, < Cb,, for alln € N.
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Proof of Theorem 4.4. By Parseval’s identity, we have

1B (z,h)] = |gva(2,h) = gva (2)] = gva (2, h) — gva (2,0)]
i %/ SR v Qep i) dg_%/(—iC)Aﬁbv (¢) exp (—iCz) d¢

[ (410 (6(0) = 1) oy () exp (i€ g
< o [ 1610 = 116y (©)]d¢
- - / b () = 116 (O ¢

= |C| |9y (O] dC,
Z/h

where we use Assumption 3.4 to ensure £ (¢) = 1 for |¢| < £ and sup; |r (¢)| < co. Thus,

Assumption 3.5 (eq.(15)) yields

B(sh)| < /f ¢ (14 €)% exp (gl dC
0]
0)

Lemma A.1 Suppose the conditions of Lemma 4.3 hold. For each & and h, and for A =
1,7y, V, let Uiy 4 (&, h) = sup,eg [Wyaa (€, 2,h)|, and define

‘I’\+/A Z / VAACh

A=1,71,V

If Assumption 4.5 also holds, then for h >0

Vs (h) =0 <(1 T e ((%1 (84 = Bo) — ) (hfl)%)) '
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Proof. We obtain rates for each term of Wy, (h). First,

Uy (& h) = Szléﬂghlfvu(&zhﬂ
RGN
< sup 8 foxp (i)l €] (1)
oup 02 € '/im|exp (e € e (B 1 (Ol de
z€R |91
6y (€)] 62 ()] [+~
< g P el R / P | (B oy ()] dC
. 1 K |QZ1 | o0
- TE (r¢v<5>||£| 1 (hE)) + / P 1w () [y (¢ >|d<)
1

_ " . ©) )
~ ey (10w @1l s gy + 21 )|/ 5 (0 o (1)

where we use the fact that

0z  E[Z2] E[(Z+U)UR] B[22 4 E[E U2, Up] 47 H02)]
01 (£) - E [eisZ2] B E [eié(Z+12)] - E [@+00)]
I [Zeig(zwg)} B [ZeiEZ] E [eiEUg] _i(d/dE)E [eifz} (d)d€)o, (€)
D M 1 7

Integrating \I/J‘; a1 (€, h) with respect to £ and using Assumption 4.5 gives
[wiaten i

4 €)] T
= /Ié' (Iqbv et (jgl < nt) + |¢1@|1(|§|§h )/a Is |¢V(g)|dg> d¢
[ +ieh e esp (—anle™) 1 (el < 1) x

PN

h—1
1 "o ex o) e + (1 m *a 76 ex o) dc ) d
><<< + Il exp (o [€1°) fe1* + (1 + [¢]) / 1 (416 exp (a1 c) ;
h—1
< [l (<o) x

1
’ <<1 1€ exp (o 617) + (1 1) [ 16+ 10 exp (o 1c1) d<) s
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PN

(1+ h_l)l_W exp (—049 (h_1)59> X
X ((1 + h—l)’Y¢+>\ exp <a¢ (h_l)’%) i (1 n h_l)% (1 " h_l)A+’y¢+1 exp <a¢ (h_l)ﬁ"’))
L+ A7 (1 h )P exp (_ag (h‘1)59> exp (% (h—l)%) (1 +(1+ h—l)lﬂl)

< (1 n h_1)2—70+v¢+>\+m exp <—Oz9 (h—l)ﬁe> exp <a¢ (h—1)5¢> .

PN

Next,
Uiz (§h) = SEIEWVAZl (&, 2, h)
Foo
< sp ey [ e (A s (o (01
+oo
(h d
< g POl (Ol
so that

/Wh&@m&;i/%(”(m )AHKW%KWM%
- (1 L 1)*%9 exp (-Oée (h—l)ﬁ’e) (1 + h—1)7¢+>\+1 exp <a¢ (h‘l)%)

< (1+ hfl)%y"ﬂ“ﬁH exp (—049 (h*1)59> exp <Oé¢ (hil)ﬂd)) '

PN

Finally,

\P;)\,V (5’ h)

sup [Wyav (& 2, h)|
zeR

NEAG]
& 10,0
NG
AR
0, (€)]

= o R )

IN

jexp (—i€2)[ [€]* [ (h€)]

€1 |1 (h€))]
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so that

/xy;w (&, h)d¢ = / | |€|
- ( e ) exp (_&0 (hil)%) (1 4 h71)7¢+>\ exp <a¢ (h*l)ﬂqb)

(1+ h71)1_79+7¢+/\ exp (-Oég (h’l)%) exp (04¢ (h’l)ﬁ‘#) :

A

Collecting together these rates delivers the desired result. m

Lemma A.2 For a finite integer J, let {P, ; (22)} define a sequence of nonrandom real-
valued continuously differentiable functions of a real variable z;, j = 1,...,J. Let A; and
Zy be random variables satisfying E [A]2-+5]Zg = 22] < C for some C,0 > 0 for all zy €

supp(Z), j = 1,...,J, such that sup,>y o, < 0o and inf,>y 0o, > 0 for some N € N*,

where
J 1/2
On = <W[Z A;P,; (22)]) .
j=1
If sup,,eg | D, Py j(22)] = O (n®271) for somen >0, j =1,...,J, then

J J
o nt/? (E Y AP (Za)| — E > AP (Za) )iN(o,l).
j=1 j=1

Proof. Apply the argument of Lemma 9 in Schennach (2004b) and the Lindeberg-Feller

central limit theorem. m

Proof of Theorem 4.5. (i) The fact that E [Ly (z, k)] = 0 follows directly from eq.(35).

Next, Assumption 4.4(7) ensures the existence and finiteness of

El(Lva(zn)] = B [(E[EV,A(Z,h;V,ZhZﬂ])Q}

= n B [(bua (2,05 V, Zy, Z2))2} =n""Qua (2, h).
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Specifically, from eq.(35), we have

QV,)\ (Z, h)

where

VA1A2 (Ca 5)

E [n(gua (2, h) = gva (2, h))ﬂ =F

(A > / Wy 4 (€, 2, h) n'/260.4 (€) d&) ]

=1,7Z1,V

Z 3 / / Wy, (G2 h) B (60, ()00, (€)] (Rvna, (62 b)) dCdg

=1,71,V A2=1,Z1,V

Z > / / Wyyay (G2 h) Vi ag (G €) (Wyaa, (€, 2, b)) dCde,

=1,71,V A2=1,Z1,V

[, (¢) o0, ( } =B [0 (04, ()= 04, ©) (0, ©) — 6, ©) ]
(6% — 0,4, (0)) (A% — 01, (©))]

Ay e lgzz} — 04, () E [Ase %] — B [A16%] 01, (€) + 0., (O) 01, (€)
[A1€i%2 Ape™72] — 0,4, () O (€) — O, (Q) O, (€) + 0, (Q) O, (€)

[A1 Age O] — 94, (0) 6, ()

A1A2 (C 5) 9141 (g) 6142 <_§) :

By Assumption 4.4(3),

|VA1A2 <C7§>’ = |9(A1A2) (C - f) - 9A1 (C) 0142 (_5)‘

It follows that

QV,)\ (Z, h)

PN

IN

E | A1 Ag| |€9% ] 4 E |4y [€*]] E [|Aa] |e77]]

A

E[[A1As|] + Ef[A1|] E|A2]] = 1.

Z Z //|\IJV/\A1 G2 W) Va4, C§|’ Wy, (€ 2, h)) ‘d(dg

=1,71,V Ax=1,Z1,V

XY [ s Ganli@n ) s

=1,71,V Ax=1,71,V

( Z /|‘I’V,A,A(§,Zuh)|dc> S( Z /W¢,A7A(<uh)dg> :(‘I’lt,,\(h))Q,

A=1,71,V A=1,71,V
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where

WA (GH) = sl €2 ) (36)
zE
v o= Y / Ui, (¢ hyd (37)
A=1,71,V

=0 <(1 S <(%1 (85 = Bo) — ) (h_l)ﬁg)) ‘

The last order of magnitude is shown in Lemma A.1. Hence, we have shown eq.(28).

Next, we turn to uniform convergence. From eq.(35), we have

sup [gv.a (2,h) — gva (2, h)] = sup /‘I’V,)\,A (&, 2, h) <E’ [V@&Zz} . [V@&ZzD d§
z€R z€R A=1,7.,V
< Z /(sup|\lfv,\A £, 2, h)|> ‘E’ [Vei522] —F [Vei522] d§
A=1.72,,V z€R
. /\I/%A &h) B [Vees — B [veis]] | ag
A=1,2,,V

where Wy, 4 (€, h) is as defined above and where the integrals are finite since |E{Veié?2 —

E [Ve#2]}| <1 and since Lemma A.1 implies that Yoaciziv S Uy (€ h)dE < oo,

We then have:

E [sup Gvn (21 1) — gy (2. h>@

zeR
= Z / vaa (& h) E (‘E[Veigz? — VeléZz ‘ ) ]
A=1.2,V
= Z /\IIJ‘;AA &, h) < { [Velt? — B [Velt2]] 21
A=1,2,,V
- Z /\I/¢)\A g h 1E [|V@i§z2 _ Velgzz ]) /2
A=1.2,,V
= ) /‘I’%A &, h) [\Ve‘% — E [V D /2d§
A=1,2,,V
DY /m £.h)d
A=1,2,,V

= nil/Z\I[\t,/\ (h) ’
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where ¥y, (h) = O ((1 + h*1)2_79+7¢“+71 exp ((a¢1 (Bs = Bg) — ag) (h*1)59)>, as shown

in Lemma A.1. By Markov’s inequality it follows that

sup [Lya (2,h)] = sup|gva (2, h) — gva (2, h)]
z€R z€R

- 0, <n—1/2 (1 I h_1)27'ye+7¢+>\+w exp <<a¢1 (/8¢ _ 59) _ 049) (h_1)60)> ‘

(ii) To show asymptotic normality, we apply Lemma A.2 to
fa GV 22 = 3 [ € ha) 48 ag
A=1.7.V
with
Pn,A (22> = /@V,)\,A (,5’ Z, h‘n) 6i§z2d£,

for A =1,7;,V, where z is fixed.
Our previous conditions ensure that for some finite N,sup,-n Qv (2, hy,) = sup,-y
var[lya (z, hn; V, Z1, Z3)] < 00, and we assume inf,~n Qv (2, hy,) > 0. It remains to verify

SUp,cg | D2y P (22)] = O (nG/277)  For this, we use Lemma A.1. Specifically,

sup |D22PH’A <Z2)| = Ssup \/ig\IIV,/\,A (guzahn> €i§22d§
ZQER ZZER
< sup [ 1 9y (62
z2€R

Bl
= 2/0 |€||\IJV,)\,A (€7Z7hn)|d£

IN

h*l
2 /0 U (€ ) de

" —1\ 2=tV A+ _ —1\B
< [ een exp (001 (3 = B) — ) (1)) e
0

< (1+ h;l)Sﬂ(’ﬂ"ﬂﬁdr’y1 exp ((a¢1 (By = By) — ) (hgl)/jg)

Assumption 4.7 requires that if 3, # 0, we have h;* = O ((ln n)l/’B"_"> for some n > 0, so
that

3=Votvpt Aty
sup | Dz, Poa (22)] = (1 + (lnn)l/BG*”> orie !
22€R

exp ((oz¢1 (Bs = By) — ) (In n)k"ﬂg) :
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The right-hand side grows more slowly than any power of n so we certainly have sup,
|D22Pn,A (22)| =0 (n(3/2)777) .

If 3, = 0, Assumption 4.7 requires that h,1 = O (n_"n(?’/z)/(?’*”ﬂd’*’\ﬂl)) so that

3— A
sup |Dz2Pn A (22)| = <1 + n_”n(3/2)/(3_70+7¢+’\+’71)) Tt
z9€R ’

< (1+nm??)

= 0, (n¥2-1).

Lemma A.3 Let A and Zy be random variables satisfying E [|A|2] < oo and E [|A] | Z:]] <

oo and let (A, Za ;) ., be a corresponding IID sample. Then, for anyu,U > 0 and e > 0,

i=1,...,

sup  |E[Aexp (i(Z)] — E[Aexp (igzg)]‘ =0, (n"12+). (38)
¢e[-Unv,Unv]

Proof. See Lemma 6 in Schennach (2004a). =

Proof of Theorem 4.6. We substitute expansions (31) and (34) into

Gva (1) — gua (2,h) = / exp (—i€z) (—i€) k (he)

(O ([0,
<91(§> p</0 e d<> ¢V<f>>d£

and remove the terms linear in 66 4 (¢) for A =1, 7, V. For notational simplicity, we write

h instead of h,, here. We then find that |Gy (z,h) — gv.a (2, h)| = 2]7*:1 R;, where

o0 5
mo= | rsw<h§>|\514V<a>\\¢1<s>r( [ i <<>rd<) ie
Ry — / 1P 1k (h) B2 ()] 64 (€)] de

0

Ry = /Ooolf\Alﬁ(hﬁ)l|5zév(£)|\¢1(€)!(/jléldzl (C)!dC) dg

o4



R = [Tlerelio @1o O [ o (O1ac) de

Ro = [l s o @116, ©F ([ 1t (01 ) e

Ro = [T16P k0 av ©1161 O] 5 xp (502 (©)) (/gwazl |dc)2d§
Beo= [T s ) 00 €016, € 3w (1502 @) [ 1 |d<)

These terms can then be bounded in terms of WY, (), defined in eq.(37), and

_ _ 19} (€] 1
YY) = (1+hnt 0
() = (L+47) ([} e <£>|> (gq_iusm' () )
= O ((1 + h_l)H%_w exp (—049 (h_l)’89>>
P = By 0, 0400 = 04 (0] = 0 () forany e

The latter order of magnitude follows from Lemma A.3, given Assumptions 4.7 and 4.8.

Also, we note that

sup (i)n/wl (C)l = (i)nT (hn)
¢ce[-hathn']

Now, we have

B < /Ooo|m<h£>|<|911(§)| l'gl(g'><i>n!¢o(§>|(/Oéwlqzl <<>|d<) i
(h én/wm (1) (1+ (())D 160 (6) (/gwlqzl (<>rd<) ¢
= b, [ 01 (14 &) 10y (@106 1 €)1 ac

_ ) / {/C 15 ()] (196 (€)] + o (©)) €} 181 ()] dC

A
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< T / { / (16 ()] + o (©)]) de) (1+'f;;(§)|')|911@|d<

< Y (h) LT, (R
= 0, <(1 + h_l) 1% exp <—Oég (h_l)’g") n e (h_l)% exp <aL (h_l)’BL>> ,

as required for part (i). Below, we show that the remaining terms are similarly behaved.

For part (i7), we note that
T (h) 207, () = (T (h) B2n2) n~ /20, ().

As Lemma A.1 implies that n= /2%, (h) is O, (n’l/2 (h=1)"% exp (aL (h’l)BL», we only
need to show that <T (hy) (f)inl/2> =0, (1).
If 3, # 0, the assumptions of the Theorem ensure that A ! < (In n)(l/ A 9)_", so that
Y (hn) @202 = Y (hy) O, (1% 0!/
= 0, ((1 4 h;1)1+wl—'m exp (—Oée (hgl)ﬁe) n71/2+2e)
= 0, ((1 + (In n)(l/ﬂg)_n> B exp (—ae (In n)l_nﬁ"> n1/2+26>
1-nBy

= O,(exp|—ay (Inn)

+(=1/2+2¢)Inn+ (1 +71 =) ((1/55) — n) In (Inn)))

= O, (exp[—ay (Inn)' ="

+(=1/2+2¢)Inn + (L +7, —79) ((1/84) — 1) In (Inn)])
= 0p (1),

where the last line follows since In 7 dominates (Inn)" ™"’ and In Inn and since —1/2+2¢ < 0.

If B, = 0, the assumptions of the Theorem ensure that ! < n(+71=70)""/2=1 and
T (h,) $202 = 0O, ((1 i h;1)1+7r79 n_1/2+26)
= 0, <<1 + n(lﬂrv(a)_l/?”i) e n1/2+26)
— Op ((1 + n1/2777) n71/2+2e)
= op(1),

26



selecting € < n/2.
The remaining terms can be similarly bounded, as they all have the same Y (h) i)i\I/‘J; N

leading term:

Oy ( T2 -1 1 52 -1
Re< [Tl G B o (O 4 0 (Ol (O
L_loc(©
<X @2\1+opu k0 G e+ 1160 Ol

< T (h) 82140, (1) (/ '“hf"¢v d£+/ '“ﬁgl"% )
= Y (W) 2T, (h) (140, (1)

Ry < T(h)d, / " () 1y ()] 10 ()] de
= T (h)®,Ry =0, (1) Ry;

00 I3
R - / 5 (hE)] oy (€ !{/ 62tz (O)] dC Y

Y |nh5||¢v )| de
D / TG

< h) @2 (1 + o, d¢

0 wmm (140, (1

A 3
o< [0l (5 |'91V(<))|')<1>n|1+op<1>|—1|¢0<s>|{ JACAGRSTE
_ ot [ 6v (©)] o
= YW d 1+, (1) / o)l (1 S 100 @1 [ a0

= T ()@, 1+ 0, (1)
00 ¢
<] / 1 (1E)] [0 ()] 4 / 62z, (O] dC}de

o0 E
. / % (hO)] 16w ()1 / 1920z, (C)] dC }de]
= T (h)®,(1+0,(1)) Ry =0, (1) Ry;

o7



IN

1

PN IN

—eXp Op

(
—Xp((
(

/ 5 (k) oy (€ exp(/ iz (0] ¢ (/ 5 (¢ |d<)

1)/ 15 (R 6y (€ (/0 6, (¢ \dc) (/0 62 (¢ IdC>d€
)

D) T (h) &5 |1 + 0, ()]

<o o1 ([ (i i) <)

— Zexp (o, (1) T () 921+ 0, (1)

2

<1 oo v 9146 iy + ‘\ZZ<S|)|><

= 0, ()T (h) D}VT, ();

R; <

PN

A

I A

] (1+ g") BB, 1+ 0, (1] 16 (6)

<yon ([ 1oda ¢ |dc)( i |dc)

Y (h) , |14 0, (1)

oo 3o
xxp</|5q |d<)(/0€|6qZ |d<)

T (h)®, |14 o0, (1)

£
/|f~e (hE)] 160 ()] exp /quz |d<)</ 5z, (¢ rdc)

+AY (h) @, |1+ 0, (1)

f 2
/\n (hO)| by (€ exp(oqu !dc)( |6qz<>\d<) ¢

T (h) &, 1140, (1) " Rg

0p (1) Re.
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Proof of Theorem 4.9. The given assumptions clearly ensure that

5, S G, (2 ) = 90, 2

= max sup|By,, (2, ha) + Ly, 5, (2, ha) + Ry, 5, (2, )]

J=L..J zeRr

= o () 4oy (1Y) = oy (1),

so that when gy, »; (2) = gy, (2, hy), the remainder term in eq.(29) is o, ((n‘1/4)2) =

0, (n~1/%). Moreover, we have

J
Z/ (Gv;.; (2, 1) = gy, (2)) 55 (2) dz
Z/Lvﬁ,\j (2,h)s; (2) dz + Z/ (B, (2,h) 4+ Ry, 5, (2, h)) s (2) dz,

where

(BV].’AJ. (z,hn) + Ry, », (2, hn)) s;j(z)dz

J=1J zeR

J
< <maX sup | By, », (2, hn) + Ry, 5, (2, hn) )Z/’Sﬂ )| dz

= 0, (")

Y

since [ |s; (z)|dz < oo and max;_;,__;Sup,cp max{}BVj,Aj (z, hy)

by assumption. It follows that
J
b (g (" hn)) N b(g) - Z/ijv)‘j (Z’ hn) Sj (Z) dz + Op (n‘l/z) .
j=1

Next, we note that

/LV] (2, h) 85 (2) dz

= lim [ Ly, (z,fz) sj (2) dz + lim (ij,A (2, hn) — Ly, 5, (z, h)) s (#)dz,
h—0 h—0

29

Ry, (2 )|} =0y (n
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where the first term will be shown to be a standard sample average while the second will
shown to be asymptotically negligible.
By the definition of Ly, <z, B) (see Lemma 4.3), we have

lim [ Ly, (z,iz) s (2)dz

h—0
- ;{TEA 1222\/ /{/ Ty s g p h) (E [Ac%] — [Aei%}) dels; (2) dz

Under the assumption that [ \Tlsj,vj, 5, (€) d§ < oo, the integrand is absolutely integrable
(for any given sample), thus enabling us to interchange integrals as well as limits in the

sequel:

lim [ Ly, <z,fz> s;j () dz
h—0

D> / ( / Wiy (6.2.8) sj(zmz) (B[Ac] - B [46%) ) de.

A=1,71.V;

The innermost integrals can be calculated explicitly:

lim | Wya (f, 2, ﬁ) s(z)dz

h—0

= mrgg (o) 0 69

i ([ ewties 1) (107 i (7€) o (O
)i

(¢

1 ¢V( A

"0 1) 19 (i)

1 IHZ1 (£

2m (6, (€)°
)

SV)\I(

/ ol (Q) (—i0)* oy (¢) dC

Y

where W, y.x1 (£) is defined in the statement of the theorem. Similarly,

- 1 . +oo

;’libii% Wy z (5,2, h) s(z)dz = %611( ) / o1 () (=) 6y () dC = Ty yr 1, (€)
- 1

}lliiltl) Wy v <§, z, h) s(z)dz = o (511 Eg () (- 15) =V, v (9).
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It follows that

lim [ Ly, (20) 55 ()2 = Y / T vy, () (B [AF%] — B [465%] ) de

h=0 A=1,2,,V;

= E [%J-,Vj,xj (VJ=Z1=Z2>] )

as defined in the statement of the theorem. The assumption that [ WU, v, (£)dé < oo

also implies that

< Cmax{l, |’U‘ 5 ‘Zl|}/leSj,‘/j,)\j (’S) dé—

wsj,\/j,)\j (Ua 21, 22)

for some C' < oo. Since E [V?] < 0o and E [Z7] < oo by assumption, B¢, v \ (V},
Z1, Z5)?] < oo, and it follows by the Lindeberg-Levy central limit theorem that E Vs, Vi A (V;, 21, Zs)
is root—n consistent and asymptotically normal.

The second term of eq.(39) can be shown to be o, (n_l/ 2) by noting that it can be written

as an h,-dependent sample average E [@DSj,\/j,/\j (V;, 21, Zs, hn)} , where @sz,xg,xj (V;, Zy1, Zs, h)

2
is such that lim;, o £ [ Vs, vy, (Vis 21, Za, h)‘ } = 0. The manipulations are similar to the
treatment of £ [wsﬁvj_w (Vj, Zy, Zg)] above, replacing k (71() by (li (hnC) — K <l~z(>) and

taking the limit as h — 0 and h, — 0. ®

Proof of Theorem 4.10. Consider a Taylor expansion of 3 (z,h) — 3 (2) in jy.a (2, h) —

gv. (%) to first order:

~

B (Za h) - ﬁ (Z)
= Y DD sava(®) (Gua (2. h) — gua (2) + Rava (Gva (2,0) 5 (v (2,7) = gua (2))),

A=XY V=1,A A=0,1
(40)
where the 54y, (2) are given in the statement of Theorem 3.5 and where R, |\ [gv.a (2, ),
(gvx (2, h) — gva (2))] is a remainder term in which for every (z, h), gv. (2, h) lies between
gv (2, h) and gy (z). (We similarly use an overbar ~ to denote any function of gy, (2) in

which gy (z) has been replaced by gy, (2, h).)
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We first note that, by Corollary 4.7,

I, maxsup [Gvia (25 ha) = gva (2)] = Oy (n) ,

where ¢, = (h,;1)""? exp <aB (h;1)63> + 072 (R )0 exp <aL (h;l)’BL> — 0.

The first terms in the summation in eq.(40) can be shown to be O, (g,/7*) uniformly
for z € Z, as follows. Each s4 ., (2) term consists of products of functions of the form
gv.x (z) (which are uniformly bounded over R by assumption) divided by products of at
most 4 functions of the form ¢, ¢ () or D,y (2), which are by construction bounded below
by 7 uniformly for z € Z,. It follows that sup,cz |savax (2) (Gva (2, hn) — gva (2))] =
0(1)0, (74 0 (=0) = Oy (=) 7).

The remainder terms in eq.(40) can be shown to be o, (&,/7*) uniformly for z € Z, as
follows. Without deriving their explicit form, it is clear that these involve a finite sum of
(i) finite products of the functions gy (z,h) for V =1, XY and A\ = 0, 1; (4i) division
by a product of at most 5 functions of the form g, (z,h) or D,fix(%); and (éii) pairwise

products of functions of the form (gy.» (2, k) — gy.x (2)). The contribution of (i) is bounded

in probability uniformly for z € R since

v (2, B)] < gva (2)] 4 gva (2, h) = g (2))]

< gva (2)] + gva (2, h) — gy (2)]

where |gy. (2)| is uniformly bounded over R by assumption and sup,.g |gv.r (2, hn)

—gva (2)| <O, (e,) = 0,(1). The contribution of (ii) is bounded by noting that for z € Z,

g0 (2:ha) = g10(2) (1 + g1.0 (Z’ghlno) (;)9170 (Z)>

= f7(2) (1 n 91,0 (Z»;Z)(Z—)gm (z))

@ (140, ().

T
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Now choose {7, } such that 7, > 0, 7, — 0 as n — oo, and &,/74 — 0. It follows that

€n/Tn — 0 as well. Hence for z € Z,, we have

910 (2, hn) = f2(2) (1 + 0, (1))

Since fz(2) > 1, for z € Z,, by construction, we also have fz (2)(1+o0,(1)) > 7,/2
with probability approaching one (w.p.a. 1). Similar reasoning holds for D, fiy(z). Hence,
the denominator is bounded below by (7, /2)5 w.p.a. 1, where the power 5 arises from
the presence of up to 5 of such terms. Finally, the contribution of (i) is simply O, (2).

n

Collecting all three orders of magnitudes, we obtain

so that

|
Proof of Theorem 4.11. The delta method applies directly to show that the asymptotic
normality of Gy (2, hn) — gva (2) provided by Corollary 4.8 carries over to /3 (z, hy) — 5 (2),
as a first-order Taylor expansion of 3 (2, hy) — B (2) in Gva (2, hy) — gva (2) yields
Blzh) =B = D > > sava(2)(@va(zhn) — gva (2)) + Ru,
A=X,Y V=1,A \=0,1
where the s4 v (2) terms are as defined in Theorem 3.5 and where the remainder term R, is

necessarily negligible since, under the assumptions that maxy_; xy maxy—o 1 |gv.x (2)| < o0,

fz(z) >0 and |D,pux(z)| > 0, the first derivative terms s4 . (2) are continuous. =

B Supplementary material

Proof of Lemma 3.1. This result holds by construction. m
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Lemma B.1 Suppose Assumption 3.4 holds. Then sup,cp !k(k) (z)| < oo, [ |k()‘) (z)} dz <

00, 0 < [[&W (z)‘gdz < oo, [|EW (z)‘%ﬂs dz < 0o, and |z| [kF™ (2)| — 0 as |z| — oo.

Proof. The Fourier transform of k™ (z) is (—i¢)* & (¢), which is bounded by assumption
and therefore absolutely integrable, given the assumed compact support of x (¢). Hence
k™ (2) is bounded, since |k (z)| = ’ [ (=0 k() e*iCng‘ < [1c) 5 (O] d¢ < 0. Note
that [ |k (z)|2 dz > 0 unless k™ (2) = 0 for all z € R, which would imply that & (2) is a
polynomial, making it impossible to satisfy [ k(z)dz = 1. Hence, [ [k (z)|2 dz > 0.

The Fourier transform of 22k™ (2) is —(d?/d¢?) ((—i())‘ K (C)) . By the compact support
of 1 (), if % (¢) has two bounded derivatives then so does (—i¢)* s (¢), and it follows that
—(d?/d¢?) ((—iC k(¢ )) is absolutely integrable. By the Riemann-Lebesque Lemma, the
inverse Fourier transform of i(d?/d¢?) <(—i§))‘ K (()) is such that 22k (2) — 0 as |z| — oo.

Hence, we know that there exists C' such that

C
‘k(’\) (Z)‘ < W’

and the function on the right-hand side satisfies all the remaining properties stated in the

lemma. m

Proof of Theorem 3.2. (i) The order of magnitude of the bias is derived in the proof of
Theorem 4.4 in the foregoing appendix. The convergence rate of By, (2, h) is also derived
in Theorem 4.4.

(i1) The facts that E [Ly, (z,h)] = 0 and E [L}, (2,h)] = n7'Qy, (2, h) hold by con-

struction. Next, Assumptions 3.2(i7) and 3.4 ensure that

Qua(z,h) = E ((—1)Ah*1vk“)(z;z))2 —(E {(_1)%“%(*) (Z;Z)DQ

E ((—DW“V;:W (Z;Z)y

IN
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A

A

PN

and hence

h—2)\—1E

h—2)\—1E

e (0 (52)]
(e (57)

(by Assumption 3.2(ii) and Jensen’s inequality)

h‘”‘l/h‘l (M (Z - Z))Zfz (2) dz

p=2A-1 / (D (u))” 2 (2 + hu) du

(after a change of variable from Z to z + hu)

221 / (/{:(’\) (u))2 du  (by Assumption 3.1(7)

h—2)\—1

(by Lemma B.1)

sup Qv (z,h) =0 (h”\’lm) :

z€R

We now establish the uniform convergence rate. Using Parseval’s identity, we have

Los(eh) = B [<_1)A A1 ) (Z;ZH _E [(_1)A Ry W) (Z;z)]

so it follows that

1
2T

(B [Ve<?] - B [Ve<?]) (=i0) k (h¢) e dC,

1 - . .
Lva ()| < 5 [ B [Ve<?] = B [Ve<2]| ¢ e ()| .

and that
BllLua (s} = 5= [ B[|E V]~ B [Ve?)|| 16 1 O] de
< % (E[(E [Vel?] - i [Vei@“z})

1 - i —i
< 7 (n 'E [VeCZVe CZD

x (B[ve] - B 1)) D12 o s (he) dc

1/2

M |k (RC)| dC

=0 / (B V2" I¢P s (hQ) | d
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<02 / P Iw (BO) dC
=:n—”2h—L*Q/JsP|m<5nd§

< n 12pAt
Hence, by the Markov inequality,

sup |LV7)\ (Z, h)| = Op (n—l/Qh_)\_l) '

z€R

When h,, — 0, lemma 1 in the appendix of Pagan and Ullah (1999 p.362) applies to yield:

)
(5
)
(5

Ry (2,hn) = E

ht (( )M VED

o)
£t (1 ( )
—h(E[ V2] A %

)
- E[V|Z=] 2 ()/(M()

By Assumptions 3.1 and 3.2(ii4), F [V2|Z = 2| fz (2) > 0 for z € supp(Z) and 3.4 ensures

= F

[ (k™ (z))2 dz > 0 by Lemma B.1, so that h2*™ Q. (z, h,,) > 0 for all n sufficiently large.
(i7i) To show asymptotic normality, we verify that fy., (2, h,; V, Z) satisfies the hypothe-
ses of the Lindeberg-Feller Central Limit Theorem for IID triangular arrays (indexed by

n). The Lindeberg condition is: For all € > 0,

lim @4, (2,6) — 0,

n—oo

where

Qu (2,2) = (Qua (2, 0) ™ B [1 (I (2,1 V. 2)] = & (Quin (2, 10)) 7 072) [y (2, 15V, 2) |
Using the inequality E [1 [W > 5] W?] < p°F [W?*] for any § > 0, we have

12, 12\ "° 246
Qi (2,8) < (Qua (2, 0) ™" (£ (Qua (2, 1) 02) B |lbys (2,1, 2)P7]
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where Assumption 3.2(i7i) ensures that

[ 249
E ||ty (Z,h;V,Z)|2+6 R e ) h_1|V|2+5 k(A)( ) ]

i 7 2+8
h—/\(2+6)h—1—5E h—lE |:|V|2+6 |Z:| ‘k(k) ( - Z) ]

i 246
< pAEH 16 [ -1 ) (Z — Z) ]
h

The results above and Assumption 3.2(iv) ensure that for any given z there exist 0 <
Ay, Ay, < oo such that Ay h, 1 < Qua(2,h,) < Ay, h,?*71 for all h, sufficiently
small. Hence, we have

CA(24) 1
Qnp, (2,6) =< (5h”\’1/2n1/2)_6 b 7 ( )hnl '
n,fn A5 - n h—2A—1

_ (Sh;,\—l/znl/zhghnyé

= % (nh,)? =0
provided nh,, — oo, which is implied by Assumption 3.6: h, — 0,nh***! — co. =

Proof of Theorem 3.3. The O (H Gvin — GV Hi) remainder in eq.(20) can be dealt

with as in the proof above of Theorem 4.9. Next, we note that
[5G s o) = v () ds = L+ B+ B,
where

E[VsN(2)] = E[Vs™(2)] = E [¢y, (V. Z)]
B, = / (gva (2, h) — gva (2)) dz

(Gva (2, 1) = gva (2. 0) dz = (B [VsV (2)] = B [VsY (2)]).
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We then have, by Assumption 3.7,

|Bh,| = '/ ) (gva (2, hn) — gva (2)) dz| < /|s N gva (2, hn) — gua (2)| dz

Next,

R, = /3(2) (gva (2,h) — gy (2, h)) dz — (E [S(A) (Z) V} - E [S(A) (Z) V])

- oo (552)] o (5]

- <E (Vs (2)] - E[Vs® (2) )

- oo alei ()i ()

— (B[ (2)] - B [VsV (2)])
= /(E{VS(A %k(zh ) VsV (Z }
ol (5 ) el

where

sW (2,n) = /s()‘) (z,h) %k (z ; Z) dz.

Hence, R}, is a zero-mean sample average where the variance of each individual IID term

goes to zero, implying that Ry, = o, (n7*/?). =

Proof of Theorem 3.4. This proof is virtually identical to the proof of Theorem 4.10
in the foregoing appendix, with &, = (h,!)"*% exp (aB (h;l)ﬁB) + n Y2 (h;1)? instead of

e = ()% exp (o ()™ ) 072 () exp (g (5)7 ). m

Proof of Theorem 3.5. This proof is virtually identical to the proof of Theorem 4.11,

invoking Theorem 3.2 instead of Corollary 4.8. m
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